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ABSTRACT 
The technique of Srroothed Particle Hydrcx:iynamics (S . P.H .) is 
reformulated for application to three dimensional fluid flow in 
axial symmetry , and is used to simulate supersonic plasma flc,,.; 
past a cylinder for a range of Mach numbers and adiabatic 
indices. These flaws are applied to the situation in which a jet 
encounters a dense cloud in the interstellar medium of a galaxy. 
The relativistic particle energy distribution function 
resulting from the combined effects of shcx::k acceleration and 
synchrotron (and inverse Compton) cooling is calculated . 
Adopting a frozen in magnetic field in a configuration involving 
both poloidal and toroidal components , the synchrotron emission 
from these particles is investigated. The results of this 
analysis are 
quantitatively, 
then compared, both qualitatively and 
with the most recent spectral, morphological and 
polarization observations of the knot A complex in the M-87 jet . 
1. 
The giant 
the centre of the 
detected celestial 
2 . 
INTRODUCTION 
elliptical galaxy M-87, located near 
Virgo cluster, contains the earliest 
jet (Curtis, 1918). It is associated 
with the radio source Virgo A, (Baade a nd Minkowski, 1954) 
and has recently been observed in the infra-red (Smith et 
al., 1983) ultra-violet and X-ray (Fabricant et al., 1980; 
Schreier et al., 1982) spectral regions. 
Jets are now recognized as a ubiquitous feature 
of extra-galactic radio sources (Blandford, 1980; Miley, 
1980; Bridle, 1982). They are responsible for the 
transport of energy from active galactic nuclei to the 
giant radio lobes, and observations of these jets have 
contributed greatly to our understanding of the wide 
variety of morphologies observed in such objects. The 
fact that jets are also observed on a stellar scale, for 
example in SS433 , indicates that jet-like phenomena may be 
produced over a vast range of physical conditions. 
It remains a fact, however, that amongst 
extragalactic jets the proximity and scale of the jet in 
M-87 make it easily the most accessible for detailed 
scrutiny. For this reason, a large amount of effort has 
been directed towards obtaining accurate observations and 
consistent theoretical models of this object. 
3. 
Morphologically, the optical jet in M-87 consists 
of a linearly extended region of emission reaching more 
than 20" from the nucleus of the galaxy . Strung along the 
jet are several positions of enhanced emission , referred 
to as knots . A detailed optical study (de Vaucouleurs and 
Nieto , 1979) revealed the presence of eleven knots, 
rangJ. ng in visual magnitude from 16.70 to 20.90* . 
The knots lie approximately along a line at a 
position angle of 0 29 0. 8 , except for the most distant 
one , knot H , which deviates by 1.7 " from this axis . The 
full width at half maximum of each knot , measured 
perpendicular to the jet, appears to be proportional to 
its distance from the nucleus . The jet may therefore be 
considered to define a cone , the projected opening angle 
of which is _3 . 6° . 
High resolution radio observations of the jet at 
2cm and 6cm using the V . L . A., (Owen et al., 1980 ; Biretta 
et al. , 19 8 3 ) and at 18cm and 7 4cm with M. T . R.L.I ., 
(Charlesworth and Spencer , 1982 ) together with resolution 
enhanced optical images (Lorre and Nieto 1983 ) show the 
radio and optical emissions to be remarkably similar in 
both structure and relative intensity . In addition , 
several previously unknown features are discernable . 
* The notation of de Vaucouleurs and Nieto , representing 
the knots with the letters A through K , is maintained 
throughout this thesis. 
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Firstly , improved resolution reveals the pres e nce 
of a slight ' wiggle ' of the jet about its axis, the 
amplitude and wavelength of which increase with dis t anc e 
from the nucleus . Such a wiggle may be attributed either 
to a precessing central source or to the growth of a 
helical instability mode in the jet. Secondly, the low 
frequency maps indicate that the jet bends sharply to the 
west after about 20" , and then gradually merges with a 
region of diffuse emission. This is strong evidence for 
an interaction of the jet with a gasseous wind produced by 
the motion of M-87 through the intergalactic medium of the 
Virgo cluster (De Young et al., 1980) . Finally, the 
highest resolution optical and radio maps reveal a 
straight ridge of emission in at least one knot (knot A) 
at an angle of 73° to the jet axis. The surface 
brightness of this structure rises rapidly on the side 
nearer the 
at radio 
interpreted 
nucleus, and decays more gradually (especially 
frequencies ) on the other side . It is 
to be evidence of a shock-like discontinuity 
combined with a cooling electron distribution in the post -
shock plasma. 
Very high resolution V.L.B.I. observations of the 
nucleus and knots at 18cm ( Reid et al. , 1982) confirm and 
extend the relationship between the size of the knots and 
their location . In addition, the jet is observed to 
wiggle with a wavelength of between 10 and 30 mas near the 
nucleus. No evidence of a counter jet , emerging from the 
5. 
nucleus in the anti-jet direction, is found in any of 
these observations. 
The spectral distribution of the emission from 
the M-87 jet is remarkably inde p e ndent of position along 
the jet. Each knot has a power law spectrum which 
steepens dramatically in the optical (Stocke et al., 
1981). The most recent results (Smith et al., 1983; 
Kileen et al., 1983) indicate that the data is consistent 
with a low frequency spectral index of a =O. 65, which 
breaks to a =l.7 in the optical. The exact location of the 
break frequency, however, remains to be determined. 
There is tenuous evidence that the optical 
spectral index continues unchanged through the ultra-violet 
and into the X-ray region (Schreier et al. , 1982). In 
addition, a flattening of the radio spectrum is observed 
at very low frequencies, (Charlesworth and Spencer, 1982) 
of either synchrotron indicating the presence 
absorption or, more likely, 
line of sight. 
thermal absorption along 
self 
the 
Polarization observations of the jet in the 
optical U, B and V bands, (Visvanathan and Pickles, 1981) 
as well as at 2cm and 6cm, (Owen et al., 1980) indicate 
high percentage polarizations and a 
The electric vectors (perpendicular 
magnetic field) are parallel to the 
complex structure. 
to the projected 
jet at knot A, but 
become perpendicular at knot B. Similarly, the vectors 
6 . 
are parallel at knot C, before once more regaining 
perpendicularity as the jet continues outwards . In other 
regions , errors are large but the electric vectors are 
generally perpendicular, indicating a magnetic field lying 
parallel to the jet . 
There is good evidence of depolarza tion at low 
frequencies , with the jet being almost completely 
depolarized at 20cm (Hardee , 1982) . This may result from 
Faraday rotation either within the jet, or in clumpy 
interstellar material lying along the line of sight. 
An interesting result of the optical study is 
that the percentage polarization of the knots increases as 
resolution is improved , (Visvanathan and Pickles , 1981) 
possibly indicating the presence of fine structure (< l") 
in the magnetic field distribution . 
The observations summarized here of the 
morphology , 
impose a 
spectroscopy and polarization of the M- 8 7 jet 
complex set of restrictions upon possible 
theoretical models . The similarity of the brightness 
distribution at all frequencies implies a common emission 
mechanism along the jet , and the power law nature of the 
spectrum over a large frequency range, together with the 
high percentage polarization , is overwhelming evidence for 
synchrotron emission . 
7. 
Assuming a distance of 15 Mpc ., (eg. Hanes, 1979) 
knots A and B have diameters of about 75pc., so 
cut-off frequencies of 10 7Hz and 1015Hz , and 
that for 
a power 
law spectral index of a =O. 65, the minimum energy magnetic 
field is - 1.7 x 10-4 gauss . Such a field implies 
synchrotron lifetimes of about 200 years for electrons 
radiating in the optical, but the light travel time from 
the nucleus J.s at least 5000 years . Clearly then, either 
the magnetic field is far weaker than the minimum energy 
value , or the relativistic electrons are accelerated very 
near to the source of the emission. The latter 
interpretation is generally favoured. 
The energy required for particle acceleration 
could be derived from turbulence , such as may result from 
large scale sheared flow (Bicknell and Melrose, 1982) . 
Alternatively , acceleration of relativistic electrons may 
be achieved either with a sequence of weak shocks, or with 
a single strong shock. In the latter case (Bell, 1978a , 
b : Blandford and Ostriker, 19 78) particles are scattered 
in pitch angle by plasma waves, causing them to cross the 
shock interface many times, and consequently to be 
accelerated by the first order Fermi mechanism . The 
result J. s a flat power law energy spectrum, the index of 
which depends upon the shock strength. Shock acceleration 
appears to be particularly applicable to the M-87 jet 
knots in view of the recently observed fine structure in 
the surface brightness , as well as the presence of optical 
and X-ray emitting electrons . 
8. 
Several models attempt to exp la in the presence 
of such shocks. One suggestion (Rees, 1978) is that quasi-
periodic variations in the outflow velocity of the jet, 
generated in the nucleus, develop into shock waves. The 
lack of a counter jet is then attributed either to the 
relativistic Doppler effect, which decreases its apparent 
luminosity, or to an intrinsically one sided jet mechanism. 
Another suggestion is that the jet may impinge 
upon dense clouds in the interstellar medium (Blandford 
and Konig 1, 1979). Such clouds are known to exist J.n 
M-87, (Ford and Butcher, 1979) and to have densities of 
greater than - 10 3 cm-3 . A bow shock, capable of 
accelerating relativistic electrons, is generated as the 
jet encounters such a cloud. The observation of steep 
brightness gradients on the upstream sides of the knots 
tends to favour this model, and the absence of a counter 
jet is interpreted to indicate relatively unimpeded flow 
in the anti-jet direction. Low frequency absorption, as 
well as Faraday rotation and depolarization, may be 
attributed to similar clouds lying along the line of sight 
to the jet. 
The pressures in -9 the knots are all ~ 2xl0 dyne 
-2 
cm (Hardee, 1982) as inferred from minimum energy 
considerations. Recent X-ray observations with the 
Einstein Observatory, however, (Fabricant and Gorestein, 
1983; Fabricant et al., 1980) indicate a temperature of 
2 0 K V d 1 d · f 5 x l0-2cm-3 - · e an a p as ma ens it y o - in the 
9. 
central region of the gasseous halo of M-87 (ie. where the 
optical jet is located). These values imply a halo 
pressure of _J . 2xlo-10 dyn cm-2, about an order of 
magnitude smaller than the minimum energy values of the 
pressures in the knots. It seems likely, therefore, that 
the jet is not being confined by an external pressure, 
although the possibility of magnetic confinement cannot be 
eliminated. 
Because little is known of the effect on the jet 
of shock waves and magnetic fields , as well as the lack of 
a value for the inclination to the line of sight, an 
estimate of the Mach number cannot be obtained directly 
from the observed opening angle (such as is possible for a 
free hypersonic jet) . An analysis of the jet wiggles in 
terms of a helical instability, however , (Hardee, 1982) 
yields a Mach number of M- 1s . A contradictory estimate of 
(Charlesworth and Spencer, 1982 ) is obtained by 
interpreting the curvature of the outer region of the jet 
as an effect of the ram pressure of an intergalactic wind, 
(De Young et al ., 1980) due to the motion of M- 8 7 through 
the Virgo cluster . The jet may undergo marked deceleration 
within the galaxy , however, before the effect of this wind 
becomes important . 
It is the purpose of this thesis to model the 
hydrodynamics of a free supersonic jet encountering an 
obstruction , and to use a numerical technique known as 
' Smoothed Particle Hydrodynamics ' (S.P . H.) (Gingold and 
10. 
Monaghan , 1982) to integrate the equations describing the 
flow. To this end, a new formulation of S . P . H . designed 
specifically for modelling three dimensional fluid flow 
with axial symmetry is derived and applied . Results are 
obtained for both relativistic (y=4/3) and non-relativistic 
(y=S/3 ) plasmas , and the effects of varying the Mach 
number (M ) and the ratio of the jet radius to the radius 
of the obstruction (D) are investigated. 
The post-shock energy spectrum of relativistic 
electrons is calculated according to the processes of 
shock acceleration and synchrotron cooling , with different 
treatments being applied for particle acceleration at 
relativistic and non- relativistic shock fronts. A ' frozen 
in ' magnetic field is assumed , and the pre-shock strength 
ratio of the toroidal and poloidal components of this 
field is an additional parameter of the models . 
For any given line of sight and radiation 
frequency , the synchrotron emissivity of each point in the 
post- shock plasma flow is calculated . Integration of the 
emissivity along the line of sight then yields maps of the 
surface brightness and polarization distributions , while 
integration over solid angle yields the total flux 
density . In this way , given a particular set of 
assumptions concerning the under lying processes , many of 
the observables of the M- 87 jet are simulated . 
11. 
Al though all the simulations in this thesis are 
analyzed specifically in relation to the observed 
properties of the M-87 jet, many of the results may be 
relevant to jets in other galaxies. For example , the 
North-Eastern jet in the galaxy NGC 7385 contains an 
optical knot which is known to have a blue continuum and 
faint nebular emission lines ( Simkin et al ., in press). 
These emission lines are strong evidence for the 
entrainment and shock excitation or photoionization of an 
interstellar cloud by the jet. In addition, the continuum 
emission has a spectrum similar to that observed for the 
M-87 jet, with a low frequency spectral index of a-0 .4 
which breaks to a- 2 . 0 in the optical. The observations of 
this jet are most easily interpreted in terms of the 
Blandford/Konigl model. 
In chapter one, the technique of S. P.H. in three 
dimensions is reviewed, and a formulation designed 
specifically for axisymmetric fluid flow is developed. 
Hydrodynamic results for supersonic flow past an 
obstruction are presented in chapter two, and the 'frozen 
in' magnetic field structure of this flow is analyzed in 
chapter three. An electron energy distribution resulting 
from shock acceleration followed by synchrotron cooling is 
derived in chapter four, while the method by which the 
post-shock emissivity is calculated is described 
chapter five. 
1 2 . 
Chapters six, seven and eight deal with the 
comparison between the theoretical model and the observed 
properties of the M-87 jet . In chapter six, theoretical 
synchrotron spectra are presented, and are analyzed in 
terms of how well they reproduce the major features of the 
observed spectra of the jet knots. Particular attention 
is paid to the radio spectral index, and to the dramatic 
spectral index break at optical frequencies. 
The surface brightness distributions obtained 
from the models are given in chapter seven, and these are 
compared with the recently observed fine structure (- 0. l") 
in knot A. The model which best fits the data is then 
used to derive a set of relations between the major 
physical parameters of the jet. 
Finally, chapter eight deals with the polarization 
structure obtained from the models , and maps representing 
both the strength and direction of the polarization are 
presented. 
reproducing 
Emphasis is 
and understanding 
placed 
the 
specifically upon 
sudden 90° shifts in 
the polarization angle which are observed near knot A, 
13 . 
CHAPTER ONE 
THE TECHNIQUE OF SMOOTHED PARTICLE HYDRODYNAMICS 
1.1 INTRODUCTION 
A large number of numerical techniques already 
exist for solving the equations of fluid flow . Although 
each has 
particu l ar 
two broad 
specific advantages and 
situations , most methods can 
categories; those based 
disadvantages for. 
be 
on 
separated into 
the Eulerian 
description and those based on the Lagrangian description . 
In each case the finite differencing of the 
equations is performed 
rectangular gr id fixed 
on 
in 
a mesh . The Eulerian mesh is a 
space , which lends computational 
simplicity to the method, but makes it unsuitable for many 
problems . On the other hand, the Lagrangian mesh is fixed 
in the fluid . This description is often favoured , firstly 
because it is free from error.s arising from the convective 
(y.grad ) term , but 
where the material 
primarily because 
is, generally 
the mesh is 
leading to 
placed 
a more 
efficient calculation. A major difficulty with the 
Lagrangian mesh , however, is that frequent re-organization 
is required, particularly if there is severe shear in the 
flow . 
Many of the more recent schemes which have been 
devised to solve hydrodynamic flow problems have been 
' particle ' codes . In these codes the continuous fluid is 
14 . 
approximated 
according to 
by 
the 
an ensemble 
equations 
of particles 
of motion for. 
which 
small 
move 
fluid 
elements . In general, the properties of the particles are 
interpolated onto an appropriate 
points are calculated by a finite 
mesh. Forces at mesh 
difference solution of 
the equations of motion, and are then interpolated back to 
the part icles. When the particle positions have been 
updated to the next time step, the process repeats . 
Possibly the most well known of these methods is 'Particle 
in Cell' (P.I.C.). (Amsden, 1966) 
Particle schemes are essentially Lagrangian in 
nature, since the particles move with the fluid , but they 
have the additional property that a simple stationary grid 
may be used throughout the entire calculation. The 
technique which is described here, however, utilizes a 
particle code which differs from al 1 others in that no 
mesh is required. The fluid parameters are determined 
directly from the particle positions and properties. 
The positions of the particles may be regarded as 
a random sample from a probability density proportional to 
the mass density of fluid. If this is true at all times 
during the calculation, then the estimation of the density 
is equivalent to estimating a probability density from a 
sample. Known statistical methods based on smoothing 
kernels are used for this purpose in the technique of 
'Smoothed Particle Hydrodynamics' , ( S. P.H. ) . ( Gi ngold and 
15. 
Monaghan, 1977) Both densities and density gradients may 
be evaluated by kernel estimation . 
The replacement of grid interpolation with kernel 
estimation obviates the necessity for a grid, since both 
density and force computations for a given particle depend 
only upon 
particles. 
the distribution and properties of nearby 
One advantage of this situation is a marked 
simplification of the task of programming . In addition, 
it has been shown ( Gingold and Monaghan, 1982) that every 
hydrodynamic scheme is formally equivalent to a kernel 
estimation technique with a particular form of the kernel 
function. 
Since a kernel function is a fundamental property 
of every hydrodynamic scheme , it is preferable to choose 
the appropriate kernel function for a given problem, 
rather than to have one artificially imposed by other, 
often ad hoc, considerations. This freedom admits 
significant 
efficiency. 
particles , 
improvements in 
In particular, 
resolution is 
resolution , precision and 
of for a 
improved 
given 
and 
number 
spurious 
fluctuations are reduced by comparison with the P.I.C. 
method. 
In this chapter, the development of a numerical 
technique for solving the equations describing the 
axisymmetric, 
presented. 
non-swirling flow of a perfect fluid is 
Such a flow is fully specified by four 
independent scalar quantities: 
and two thermodynamic variables . 
is zero in non- swirling flow .) 
16. 
two velocity components 
( The azimuthal velocity 
Clearly, therefore , four 
scalar equations are necessary and sufficient for the 
system to be closed. 'Two of these are provided by the 
equation of motion, one by the equation of continuity and 
one by the equation of state . In the absence of body 
forces , these equations may be expressed as follows: 
Equation of continuity : 
.QQ. + v.(p,.,) = 0 
at - -
(l.1.1) 
Equation of motion: 
dv 
+ 1 ~ p 0 - = (l.1.2) 
dt p 
Equation of state: 
p = K(S) pY (l.1.3) 
where p and p represent the fluid density and pressure , K 
is a function only of the entropy S , and v., is the bulk 
flow velocity . 
Section two of this chapter reviews the process 
of kernel estimation as it is generally applied to S . P . H . 
calculations in Euclidean spaces , while certain special 
kernel functions, possessing properties often found to be 
useful in numerical simulations , are investigated in 
section three. In section four the methods for handling 
dissipative processes , such as the damping required for 
shock wave stabalization i n hydrodynamic flows , are 
described . The accuracy to which energy and momentum are 
conserved by an s . p . H. simulation is discussed in section 
five . 
17. 
In section six, a new formulation of S . P . H., 
designed especially for application 
fluid flows with axial symmetry , 
to 
lS 
three dimensional 
presented . This 
formulation lS based upon transforming the equations 
describing axisymmetric fluid flow in such a manner that 
kernel estimation in a Euclidean plane may be employed. 
The method by which the equations of motion are 
integrated, and the detailed form of the shock damping 
used in axisymmetric S.P.H . calculations , are also 
described in this section. Conservation of energy and 
momentum by axisymmetric flow simulations is discussed and 
evaluated in section seven. 
Finally , an ope rational descript ion of a computer 
code , written specifically for running axisymrnetric S . P . H. 
s i mulations , is given in section eight . 
18. 
1 . 2 KERNEL ESTIMATION 
The technique of kernel estimation is not new . 
Its history dates at least to Weier s trass, (Hobson , 1926 
. 
Ch . VII) and it has been applied to problems as diverse as 
the estimation of probability density distributions 
( Parzen, 
(Hobson , 
1962) and the convergence of Fourier series. 
1926 Ch . VIII ) The primary purpose of this 
section is to review the application of kernel estimation 
(via the technique of S . P . H. ) to the simulation of fluid 
flows in Euclidean spaces . 
In s.P .H. ' the fluid is approximated by an 
ensemble of particles , assumed to be distributed according 
to a probability distribution function proportional to the 
density of the fluid . An estimation of this distribution 
function , the 
( Parzan, 1962 ) 
p ( r ) = 
s -
smoothed density , 
I W( ~- ~ ', h ) p(_: ') d_: ' 
space 
where : 
f w<:: '-~ ', h ) d_: ' - 1 
space 
may be de fined by: 
(1.2 . 1 ) 
(1. 2 , 2 ) 
W( r-r ', h ) is known as the kernel function , and the 
smoothing length h is its characteristic scale s 1.ze . In 
the limit of small h , W( r - r ' , h ) approaches a delta 
function , and p ( r ) approaches P ( r ) . 
s -
Th e integral i n ( 1 .2. 1 ) can not be evaluated 
directly since p ( r ') i s unknown . Using the assumption 
that the N particles o f the ensemble are distributed 1.n 
proportion to the density, however , 
approximation to this integral is given by : 
M N 
= N ~ j=l 
where : 
W( r-r., h ) 
- -J 
19 . 
a Monte -Carlo 
(l.2.3) 
M: J p{i::: ) d~ (1.2 . 4) 
space 
It is possible to prove ( Gingold and Monaghan , 
1977) that the expectation value of P N(r) is equal to 
P (r) and that there exists a kernel function such that s -
as N increases, becomes an increasingly close 
approximation to p( ~ ). More formally : 
= p ( r) 
s -
(l.2.5) 
= p ( ~ ) (l.2.6) 
Tests conducted upon several such kernel 
functions ( Gingold and Monaghan , 1977) by using them to 
reconstruct known densities from random samples show that 
a simple Gaus sian kernel provides the most rapid 
convergence as N is increased . In a Euclidean space of 
dimension n (generally 1 ~ n ~ 3) the Gaussian kernel has 
the form : 
- ( r - r ' )2 /h 2 
e - -
(l.2.7) 
It lS necessary to choose the smoothing length , 
h, fairly carefully. If h is too large, the estimated 
density takes the form of the kernel function , and 
resolution lS degraded . When h lS too small , however, 
relatively few particles are sampled and the Monte Carlo 
20 . 
integration is consequently inaccurate . In addition, 
unphysical fluctuations occur in estimates of the density 
( between samples ) and the density gradient (within a 
for a two sample ) . Numerical testing reveals that , 
dimensional simulation , an optimal val ue of his obtained 
b y requiring there to be about ten particles within a 
circ l e of radius h . 
The effectiveness of kernel estimation for the 
recons truction of densities clearly depends upon the 
accuracy of the Monte - Carlo evaluation of the integral . 
In practice , equation ( 1 . 2 . 3) is far more accurate than a 
standard Monte-Carlo evaluation of ( 1 . 2 . 1) . This results 
fr om t h e fact that the part i cles are distributed more 
uniforml y than a random sample. 
19 78; Monaghan , 1 9 8 1) 
( Gingold and Monaghan , 
By analogy with equation (1. 2 . 1 ), a kernel 
estimation of the distribution of any known property , f , 
of the particles is given by : 
f s ( E ) = J w ( ~-! ' , h ) f ( :':_' ) d: ' ( 1. 2 . 8 ) 
space 
Severa l different forms of the Monte-Carlo evaluation of 
t h is integr al may be employed . 
unpub .) For example : 
( Gingold and Monaghan, 
N 
~ 
j =l 
N 
E 
j= l 
W(r- r .,h) 
- - J 
f ( r. ) 
W( r - r. , h ) ~
--J p ( r_. ) (1. 2 . 9 ) 
-J 
- J f (r .)/ N (1.2.1 0 ) W ( r -r . , h ) / p( r . ) 
- - J - J 
M f ( r ) = -N - N ~ w( r:-rJ· , h) f(r:_J.) / P. ( r ) j=l 1 1 
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(1.2 . 11 ) 
Expression (1.2 . 9 ) is used exclusively for all flow 
simulations described in this thesis. 
Since the Gaussian k er n e 1 1 s di ff ere n ti ab 1 e , the 
gradient of f may be found simply by differentiating its 
kernel estimate : 
where : 
M N 
= N L vW (r- r ., h ) 
j=l - - - J 
f ( r . ) 
-J 
p ( r . ) 
-J 
vw ( r-r. , h ) = - 22 (~- ~ J·) w ( r - r h ) 
- :---J h --j ' 
(1.2 . 12 ) 
(1.2 . 13 ) 
Equations ( 1.2 . 3 ), ( 1.2.9 ) and (1.2 . 12) are then used to 
estimate, for each particle , the values of density , 
velocity and pressure gradient , which are required to 
update the particle positions . 
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1 . 3 KERNEL FUNCTIONS WITH SPECIAL PROPERTIES 
It is possible to devise kernel functions with 
particular properties which may be useful in certain 
specialized applications. It is well known, for example, 
that kernel functions more complex than a simple Gaussian 
can be used to achieve an improvement in the accuracy of 
estimation. (Gingold and Monaghan , 1982) In addition , 
difficulties resulting from large density contrasts and 
edge effects (which are common to most hydrodynamic 
simulations) may be alleviated by the use of an appropriate 
kernel function. 
investigated for 
In this section, several methods are 
improving the performance of kernel 
estimation for use in S.P.H. flow simulations. 
(i) Bias Reduction 
The discrepancy f -f between a function f and 
s 
its kernel estimate f is referred to as the kernel 
s 
bias. If the accuracy of the simple Gaussian kernel is 
insufficient for a particular hydrodynamic model, a 
special bias reducing kernel can be derived. 
By expanding f(r') as a Taylor series about f (E), 
and subs ti tu ting in to ( l. 2. 8) , the bias may be expressed 
as the sum of an infinite series: 
f (r)-f(r) = 
s - -
oo J m r vmiJs.2 w( r-E' , h) (E-E ' ) dE' 
m=l - m! space 
(l.3.1) 
The first term in the series vanishes in the case of a 
Gaussian kernel , as a result of its being an even 
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function . Estimation errors therefore arise only from 
second and higher order terms of this series , so the 
Gaussian kernel is said to be second order accurate . 
Assuming W( r-r ' , h) to be the product of a 
Gaussian and a simple polynomial , a fourth order accurate 
kerne l may be derived by setting the second term in the 
bias expansion to zero and solving for the polynomial 
coefficients. By way of example , a bias reducing kernel 
function appropriate for calculations in a Euclidean plane 
is found to be given by: 
-(r - r ' ) 2/ 2 
e - - h 
(1.3,2) 
( ii ) Variable Smoothing Length 
It is clear from the discussion in section two 
that the optimal value of the smoothing length is not 
generally constant throughout the flow, and in fact scales 
as p -l/n for calculations in an n-dimensional Euclidean 
space . This serves to keep the number of particles in the 
Monte - Carlo summation independent of density, thus 
extending the range of accurate kernel estimation to lower 
densities , and improving spatial resolution in high 
density regions of the flow. In general , therefore, an 
appropriate value of the smoothing length at any point in 
the flow may be obtained from the expression : 
) P-1/n ( r ) h ( :i::. = h 0 (1. 3.3 ) 
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where h 0 is the value of the smoothing length optimized 
for an undisturbed (unit density) region of the flow . 
Substitution of equation (1.3.3) for a spatially 
variable smoothing length into equation ( 1. 2. 7) for the 
standard Gaussi a n kernel in two Euclidean dimensions , then 
applying t he normalization condition (1 . 2.2), leads to the 
following kernel function : 
(1.3 . 4) 
Here , p (i:- ) simply refers to the density at the point at 
which kernel estimation is being applied . In a practical 
S.P.H. calculation, density estimates are made only at 
particle positions, in which case p (r ) may be t aken to be 
the density estimate for the particle in question during 
the previous timestep. Although the spatial variation of 
the smoothing length introduces additional terms into the 
evaluation of density gradients , these are found to be 
small and are neglected . In the remainder of this thesis , 
the symbol h refers to a variable smoothing length as 
defined in equation ( 1.3 . 3 ). 
(iii ) Edge Effects 
Clearly , availab l e computing resources limit the 
number of particles which may be used in an S . P . H . 
simulation , and this in turn limits the size of the 
solution domain for a given spatial resolution . For 
particles located within a few smoothing lengths of any 
edge , a Gaussian kernel p r ovides inaccurate estimation . 
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This results from the overlap between the kernel function 
and the external region , which is artificially devoid of 
particles. The two most common methods for aleviating 
this problem are : 
(a) to insert additional particles outside the 
region, which do not enter the calculation 
except in so far as they render the Gaussian 
kernel accurate for internal particles near 
the boundary . (Wood, 1981) 
(b) to apply a theoretically calculated density 
In 
correction and/or edge potential to 
particles near the boundary . 
private communcation) 
each case, it is difficult 
(R. Gingold, 
to handle 
compressions , rarefactins or density gradients near 
boundaries require additional edges. Corners or curved 
complexity , and extra particles increase the computational 
requirements , especially for two and three dimensional 
calculations. The situation is further complicated in the 
case of axial symmetry ( as treated 1n this thesis) since 
the axis is not a typical edge , the region r < 0 having no 
physical existence . For these reasons, and in keeping 
with the view expressed 1n section one that it is 
preferable to choose the kernel most appropriate to a 
given situation , a special kernel capable of accurate 
estimation near edges 1s developed . (Section 1 . 6 ) 
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1.4 TREATMENT OF DISSIPATIVE PROCESSES 
In any hydrodynamic code it is necessary to 
include a damping term which serves to attenuate unwanted 
oscillations about 
regions containing 
a stationary 
shock waves or 
state, 
other 
especially in 
rapidly varying 
flow phenomena. In the absence of damping, such 
oscillations may build up to swamp the entire solution . 
(Richtmyer and Morton, 1957). 
The purpose of 
in a real 
damping is 
fluid by 
to imitate the effect 
of viscosity taking power from high 
in the form of wave number oscillations and placing it 
internal energy. Several methods have been developed for 
doing this in a manner suited to particular schemes , ( von 
Neumann and Richtmyer, 1950; Lax and Wendroff, 1960) but 
the wor reported here utilizes exclusively a generalized 
form of Lax damping. This technique has been used for one 
dimensional shock calculations (Gingold and Monaghan, 
1982) and found to be superior to typical particle and 
grid methods ( such as P. I . C.) for an equal number of 
particles. 
timestep, 
of its 
velocity. 
Lax damping involves the replacement, after every 
of each particle I s velocity with a weighted sum 
velocity and its kernel estimated (smoothed ) 
The amount of damping is determined by the 
weighting, wd, of the smoothed velocity in the sum : 
V = 
-d WV -S 
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(l.4.1) 
The quantity wd is a dimensionless damping parameter, 
with a magnitude generally _Q.l. 
It is instructive to consider the effec t of Lax 
damping on an S.P.H. simulation in the following manner. 
Each particle undergoes, at each timestep, an acc e lera t i on 
In addition, the reaction to the damping 
force may be considered to act u p on the 'medium' in the 
region of the particle, i.e. upon the smoothed particle~ 
thereby applying to it an equal and opposite acceleration. 
The equations of motion for particle i , and the med ium 
surrounding particle i , may therefore be written : 
dvi 
-dt 
= 
1 
p 
'v p 
i J. (v -v) 
- - s 
(l.4.2) 
(l.4.3) 
These equations lead, after some algebra , to a damping 
dissipation in the fluid expressed by: 
(l.4.4) 
A rigorous derivation of this equation (by the author) is 
given in the appendix at the end of this chapter . 
Clearly , in the case of either undamped (w d=O) 
or smoothed (v = V ) 
- S 
such dissipation occurs flow, no 
J.S dissipation is fluid isentropic. When and the 
important , however, entropy increases monotonically along 
kinetic energy J. s transformed into streamline as a 
internal energy. 
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Assuming the equation of state to be given by 
( l .1. 3), the evolution of entropy along a streamline 1.s 
described by : (see appendix ) 
(1.4.5) 
The value of K ( S) for each particle may then be iterated 
according to the second order finite difference scheme : 
K(n+l)(S) = K(n)(S) \l+wd(y-1) Q(n+l/2) ('l(n+l/2)_v(n+l/2)~2l l p(n+l/2) - s(l. 4 .~) 
where the superscript ( n+l/2) denotes the average of the 
values of a quantity after timesteps n and n+l. 
Because K(S) (generally referred to as the 
pseudo-entropy) is a function only of entropy, it may be 
regarded as an additional, independent, thermodynamic 
variable. The evolution equation (1.4.5) describing the 
behaviour o f this variable is therefore required in order 
to close the system of equations representing non-
isentropic flow. 
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1.5 CONSERVATION OF ENERGY AND MOMENTUM BY S.P . H. 
Naturally , it is necess a ry for any nume ric a l 
simulation of a rea l physic a l process t o conserve both 
energy and momentum. The extent to which such 
conservation is achieved with typical S.P.H . calcula t ions, 
and the methods by which it is evaluated , are discussed in 
this section. 
S.P.H., 
It is well known that for some applica t i ons of 
it is possible to construct the equations of 
motion in such a way that energy and/or momentum are 
conserved exactly . (Monaghan, 1982; Gingold and Monaghan, 
1982) For example, if the pressur e force is rearranged a s 
follows: 
then the kernel estimate 
approximated by : 
1 ( -9p ) s 
P-
"' 9(E ) 
- p s 
(1.5.1) 
of this quantity may be 
9 p (1.5.2) 
s 
Expressed as a Monte Carlo evaluation , then : 
1 
-9p 
p -
Summations over i of both 
v..w(r . -r. ) 
-i - i - J 
(1.5.3) and 
(1.5.3) 
r . X(l. 5 . 3) 
i 
yield 
zero , indicating that linear and angular momentum are each 
conserved exactly by S.P.H. in this formulation . 
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Such conservation depends upon the fact that, if 
F. . represents the force on particle i due to particle 
-iJ 
j, then: 
f . . +F . . =O 
- iJ - Ji 
(1.5.4) 
This property is a consequence of a kernel function which 
is everywhere even and isotropic, such as a simple Gaussian 
of arbitrary dimension . 
The use of equation (1.5 . 2) for the estimation of 
pressure forces significantly increases the computational 
requirements of a given simulation . When this form is not 
used , however, it is necessary to check that both energy 
and momentum are conserved by the calculations. This is 
achieved simply by calculating the total energy and 
momentum within the system from the expressions : 
M N 
ET = E e . 
(1.5 . 5) 
N i= l i 
M N 
!cT = E v . 
(1.5.6) 
N i=l - i 
(where e. 
i 
is the energy per unit mass of particle i) and 
compari ng the values of these quantities at two separate 
times . If energy and momentum are well conserved by the 
calculations , both and remain constant 
throughout the simulation . 
Special kernel functions , utilizing either a 
variable smooth ing length or a peculiar form to compensate 
for spurious effects near edges , ( section 1. 3 ) are 
generally neither even nor isotropic . When such a kernel 
31. 
function i s used ( as is the case for the work presented in 
this thesis ) exac t energy and momentum conservation cannot 
be achieved simply by rearranging the expression for the 
pressure force . Consequently , it is necessary to check 
that energy and momentum are well conserved throughout 
each simulation , whenever a non- standard kernel function 
is used . 
( 
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1.6 FORMULATION OF S.P . H. FOR AXISYMMETRIC FLUID FLOW 
The previous sections of this chapter deal 
exclusively with the application of ker nel estimation to 
s . P.H. calculations in Euclidean spaces. This formulation 
is not readily applicable to the simulation of three 
dimensional flows 
Firstly , 
in axial symmetry for two major 
reasons . an axisymmetric S.P . H. particle 
represents an annulus of material , centred upon the z-axis 
of a cylindrical coordinate system . This means that 
(because of the Jacobian for cylindrical coordinates ) the 
particle probability density 
fluid density P , but to the 
fact that the region r < 0 
is not 
quantity 
in the 
physical significance 
permitted to enter it . 
requires that 
proportional to 
rp • Secondly , 
r - 2. plane has 
the 
the 
no 
particles not be 
In order to resolve these difficulties , several 
changes must be made to the standard technique of S . P · H · 
In this section , a new formulation of S . P.H . is presented , 
in which kernel estimation in a Euclidean plane may be 
applied to the simulation of three dimensional 
axisymmetric flow . 
Initiation of an axi symmetric S . P . H. calculation 
requires distribution of particles into the r-z half plane 
accord' ng to an assumed initial state of the fluid . Each 
particle then represents an annulus of fluid centered upon 
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the z-axis. A kernel estimate of the density at any point 
in the flow may be ob t ain ed from the expression : 
2TI 
ps(r ) - J:$· [~z· [r·ar· w (r -i:· ,h) p(c · l 
which reduces in t he ca se of axial symmetry to: 
P 
5 
( r , z ) -2 n J:z ' J
00 
r ' dr 'W ( r - r ' , z-z ' , h) p ( r ' , z ' ) 
- 00 0 
(1.6 . 1) 
(1.6 . 2) 
It is generally convenient to start a simulation with a 
uniform fluid density distribution . The effect of the 
factor of r ' in equation (1 . 6.2), however, is to cause the 
particle ar.ea density in the r-z half plane to be 
proportional to r , for the case of equimassive S.P.H , 
particles. 
Density estimates obtained from this distribution 
using equation ( 1 . 6 . 2 ) are found to be poor , particularly 
in regions near the axial singularity at r = 0 , In 
addition , it is often conven i ent for particles to be 
initially distributed onto a regular grid , and this is not 
possible in normal cylindrical coordinates . 
For these reasons , a transformation is made to a 
coordinate system in which a uniform space density of 
fluid ( in three dimensions ) is represented by a uniform 
area density of particles in the transformed plane , The 
particular transformation used throughout this work is : 
2 
r (1. 6 . 3 ) 
-
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which then allows the particles to be initially distributed 
onto a uniform grid in a space with a Euclidean metric. 
Density estimates may now be obtained from the expression : 
ps ( u ) = 2~ ff W(~,~· ,h) p(~ · )d x ' dz' (1.6.4) 
-
which is analagous to equation (1.2.1) for kernel 
estimation in Euclidean spaces and where 11 = ( x, z) is a 
vector in x-z space . 
It should be mentioned at this point that it is 
not valid to use a standard Gaussian kernel in equation 
(1.6.4), because it does not vanish in the unphysical 
region r < O. A special kernel function which doe s 
possess this property is derived in the present section, 
however, and all subsequent calculations are performed in 
the x-z plane rather than in rea l space . 
Because S.P.H. particles have a constant mass and 
are neither created nor destroyed, mass is automatically 
conserved globally, and it may readily be shown that 
continuity holds locally . (Monaghan, 1982) The equation 
of continuity therefore places no additional constraints 
on any S.P.H. simulation . In the general case of non-
isentropic flow , such as ill the presence of shock 
damping , ( as used in the present work) a simulation is 
fully specified by the equation of motion , ( 1. 1. 2) the 
equation of state , (1.1.3) and the entropy evolution 
equation, (1.4.5). Each of these equations are now 
normalized according to a natural system of units. 
In 
variables 
K ) 
0 
in an 
general the 
(density p O' 
undisturbed 
values of 
pressure 
region of 
the 
the 
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thermodynamic 
pseudo-entropy 
flow are the 
appropriate uni ts for those quantities . In the case of 
supersonic flow past an obstruction, (chapter two) the 
region upstream from the shock front remains undisturbed, 
so the pre-shock values are used for this purpose . The 
sound speed in this region provides a unit of 
velocity, and in the case of flow around a solid body, a 
natural length scale is the characteristic size L of this 
body . All these normalization units are summarized in 
table 1 .1. 
The non-dime ns ionalized forms of the equation of 
motion, the equation of state and the entropy equation 
resulting from this normalization (as used in all 
calculations) are : 
dv ' 
- + 1 n 'p' = Q dt t YP I V (1.6.5) 
p' = K '(S')( p ')y (1.6.6) 
d dt , ( log K ' ( S' ) ) Wd I 2 = ( 1) Q_ ( u '- v ') (1.6.7) ~ y y - p ' "' - s 
(For the remainder of this section, only normalized 
variables are employed , and all dashes are dropped for 
convenience. ) When expressed in standard cylindrical co-
ordinates , with the additional condition that the 
azimuthal component of velocity be zero , ( non- swirling 
flow ) the components of the equation of motion in r-z co-
ordinates are : 
TABLE 1.1 
Normalization factors used for each variable involved 
in axisymmetric S.P.H. simulations of supersonic plasma 
flow past an obstruction. The subscript O refers to 
quantities in front of the shock wave, and L is a 
characteristic scale length of the obstruction. 
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VARIABLE SYMBOL UNIT NORMd. 
VARIABLE 
density p P0 f 1=f/fo 
pressure p Po p'=P/P0 
pseudo- K Ko=P.;l X~K/Ko entropy 
distance ~ L t'=t/L 
-.J 
veloc ity ]! c'° 0 ?Y
1
=v/cA ,,.., ,.., 0 
time i XO =L40 j_'= J/Xo 
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dv 1 
.QE r + - = 0 (1. 6 . 8) dt YP dr 
dv 1 ~ z + 0 dt = (1.6.9) YP dz 
After transforming these equations into the x-z plane 
according to (1.6. 3) they become: 
dv 2 V 2x ~ 0 (1.6.10) X X + = dt 2x YP dx 
dv 
+ 1 dp 0 (1.6.11) z z = 
dt YP dz 
where: 
dx dr (1.6.12) V = dt = rat X 
The kernel function used for estimation in the 
x-z plane has a variable smoothing length , and a special 
form near edges ( and in particular near the axis ) to 
improve the accuracy of estimation in these regions 
(section 1.3). The derivation of this kernel firstly 
involves assuming its form to be that of a spatially 
dependent function , A(u ), multiplied by a two dimensional 
Gaussian: 
W(u,u' ,h) 4 = --2 A ( u) 7Th -
- ( U-U I ) 2 /h 2 
e - - (1.6.13) 
Application of the normalizatioan condition ( 1.2.2) over a 
finite (rectangular ) region of integration in the x - z 
plane , bounded in x by Xl and X2 and in z by Zl and Z2, 
leads to the equation: 
4 
7Th2 
X2 
A( u) I 
Xl Zl 
Z2 
I - ( U -U I ) 2/h 2 e - - du ' = 1 (1.6.14) 
It is easily shown, by solving this intergral , that the 
function A (u) has the form : 
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where <P denotes the error function. Clearly , expression 
( l. 6 .13) reduces to a normalized two dimensional Gaussian 
kernel . . in regions more than a few smoothing lengths a way 
from any edges. 
The vector 'v W, which is used to estimate 
gradients according to equation (1.2.12), is given by : 
-2 ) 
'QW = 2 {( t,J -~' + ~(~)} W(u,u' , h) (1.6.16) 
h 
2 G (u)=-
x - /1Th 
2 G (u)=-
z _ /frh 
2 2 2 2 
exp[-{ x-X2) /h ]-exp[-( x - Xl) /h ]_( 1 6 17 ) ( <P [(x-X2)7h] - <P [(x-Xl)/h]J.Z. · · 
2 2 2 2 
exp[-{z-Z2) /h ]-exp[-(z-Zl) /h J(l 6 lB) { <P [(z-Z2)/h] - <P [(z-Zl)/h]j~ · · 
Expression (1.6.16) differs from expression (1.2.13) for 
the gradient of a simple Gaussian only in the presence of 
the term G ( u ) . This term should be regarded as a 
correction which compensates for edge effects , and may be 
rapidly evaluated by interpolation from a table . 
The lack of isotropy of the kernel function given 
by equation (1.6.13) results in a reduction by one in the 
order of accuracy of estimation near edges, since it is no 
longer even in these regions . This is found not to be a 
serious problem for the flow simulations described in the 
present work, so the estimate of the pressure force is 
obtained directly from the Monte Carlo approximation : 
[? l 
s 
= 
N 
E 'v W(u, u. ,h) 
j=l - - - J 
- J E p(u. )/ N 
p (l_:j) j=l 
W(u,u. , h ) 
- - J 
(1.6.19) 
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where W and VW are given by expressions (1.6.13) and 
(1.6.16) respectively . For simulations in which important 
effects necessarily occur near edges , however , it may be 
preferable to use expressions analagous to these , but 
which are based upon a bias reducing kernel such as the 
one given in equation (1.3.2). 
Lax/Wendroff shock damping (s ection four ) is used 
in all the axisymmetric flow simulations. It is not 
necessarily true , however, that every particle requires 
the same degree of damping at each timestep during a 
calculation. Physically , one might expect the greatest 
amount of damping to be required when I ':,-~sl _ 1, the 
sound speed in the pre-shock medium . 
It is found , after experimenting with several 
forms of the functional dependence of on I v-v I - - s , 
that an appropriate ad-hoc expression for wd is : 
{
C 1v-v I wd = · - -s 
c/ ,~-':.s I 
Consequently , damping is 
v-v 
- -s 
v-v 
- -s 
< 1 
> 1 
de -emphasized 
(1.6 . 20) 
in r egions of 
smooth flow, as well as in regions where the smoothed 
velocity is poorly estimated , such as near a strong 
rarefaction or a boundary. In the first instance damping 
is unnecessary, and in the s econd it is unphysical. In 
al l models, a value of the constant C- 0.25 is found to 
provide adequate damping to stablize the shock structure 
as the flow develops . 
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One additional consideration 1.s that damping 1.s 
required only 1.n regions where the flow 1.s compress ive 
( V .v < 0) , because it is only in such regions that shocks 
- -
may develop. For this reason, no damping 1.s applied to 
any particle during a timestep 1.n which the density 
estimate at that particle decreases . 
One convenient method for integrating the 
transformed equations of motion (1.6.10 and 1.6.11) is the 
leap-frog finite difference scheme. (Gingold and 
Monaghan, 1982) This method is used to estimate the force 
on each particle after timestep n, and hence to produce an 
estimate of its velocity at time n+l/2. The velocity 1.s 
subsequently used to calculate the position of the 
particle after timestep n+l. 
The leap-frog difference scheme 1.s second order 
accurate and is expressed by the difference equations: 
where: 
u (n+ ~/2) = u (n- 1/2 ) + 6t d*~n ) 
l ot = 2 
( n+ 1/ 2 ) 
V 
( ot ( n ) + 6 t ( n + l ) ) ; \! = (v ,v ) 
X Z 
(l.6.21) 
(l.6.22) 
(l.6.23) 
The d~/dt term represents the acceleration in x-z 
space of a 91. ven particle, In order to calculate this 
term, the kernel function expressed by equation ( 1. 6 .13) 
is used in the Monte Carlo evaluation (l.6.19) to obtain 
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( ~p/p )s' followed by substitution into the transformed 
equations of motion (1.6.10) and (1.6.11). 
Finally, the timestep for each cycle of the 
integration is calculated from the expression: 
and Monaghan, 1982) 
( n+l) . { h 
ot =\Minj J v~n)J' 
(Gingold 
(1.6.24) 
In equation ( 1. 6. 24) \ is a constant, h is the variable 
smoothing length, c is the local sound speed and j is 
s 
the particle index. For a value of\- 0.3, this expression 
provides a suff icieritly smal 1 time step to ensure stability 
over the entire flow region for a large range of Mach 
numbers. 
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1 . 7 ENERGY AND MOMENTUM CONSERVATION IN AXISYMMETRIC 
S . P . H. FLOW SIMULATIONS 
The kernel function (1.6.13) used for the 
estimation of axisymmetric distributions does not possess 
the properties of isotropy and evenness required to ensure 
exact conservation of energy and momentum in the manner 
described in section five. The degree to which these 
quantities are conserved by axisymmetric S. P . H. must 
therefore be analyzed numerically, and the method by which 
this is achieved is now described . 
Any S.P . H. simulation of a fixed region of a 
hydrodynamic flow generally involves the entry of new 
particles and the exit of old particles from the region of 
integration . This causes significant fluxes of energy and 
momentum to be carried into and out of the system . The 
standard technique for evaluating how well energy and 
momentum are conserved by S. P . H. (section five ) is not 
applicab l e to the case where such fluxes exist , and so a 
more general method is required . 
Conservation of energy and momentum within a 
volume eleme nt of the flow is expressed by the following 
equations : (Landau and Lifshitz , 1959 Ch I ) 
_a_ ( l:. 2 1 2 0 p V + pd + ~· [ ( 2 p~ + pW ) '{) = at 2 (1. 7. 1 ) 
a a (P O ik + pv i vk ) = 0 ( pv )+-a-
at - xk 
(1.7.2) 
where : 
1 £ +k _:t_ E £= y - 1 w= £ p y-1 p p 
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Now, since each model is started from an unphysical set of 
initial conditions , and settles down to a stable state 
that is used in all subsequent calculations, it is 
sufficient to require that equations (1.7.1) and (1.7.2) 
hold only after stationary flow is established . 
Integration of (1.7.1) and (1 .7. 2) over the flow , followed 
by the application of Green ' s theorem, then yields the 
global conservation equations for both energy and momentum : 
f (-1 2 ) ~7\ 2 v_ +w p 'il • = O (1.7.3) 
f Pd!' + t v_ P,'. . d!', = 0 (1.7.4) 
In order to determine when a model achieves 
stationary flow, the total energy, and each component of 
the total momentum , are calculated at every timestep. 
This is done by summing the contributions of all particles 
within the region of integration at that time, using 
expressions analagous to (1.5.5) and (1.5.6): 
M p = -
_T N 
N 
z: 
i=l 
P· 
-2:) 
p. 
i 
(1.7.5) 
(1.7.6) 
When these quantities cease to evolve with time, the model 
is deemed to have achieved stationary flow. 
At this point the code is run for an additional 
length of time , t:,t , ( several flow timescales ) during which 
the fluxes of energy and momentum carried across the 
surface of the region of integration by particles are 
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calculated by summing the contributions of all particle 
which enter or leave the system : 
p · 1 ( 1 2 + __::f._ _i_) 
-2~1· 1 1 y - pil 
1 M rO~T NIN 
~i2} ~p = v-il - E (1.7.8) t,t N il=l i2=1 
In addition , the flux of momentum carried out of the 
system by the pressure ( first term on left in 1. 7. 4) 1 s 
evaluated by numerical integration of the pressure over 
the entire surface area of the three dimensional flow 
region . The axial and radial components of this term are 
given respectively by: 
Rl 
2 TI 0J r ( p ( r, Z 2 ) -p ( r, Z 1 ) ) dr s s 
Z2 2 n , Rl J 
Zl 
p (Rl, z ) dz 
s 
(1.7.9) 
(1.7.10) 
for a cylindrical flow region bounded by Rl , Zl and Z2, A 
simple trapezoidal rule numerical integration, with a step 
size of h 0 /4 , is found to be adequate for the evaluation 
of these components . 
Values of the total energy and momentum fluxes, 
as expressed by equations (1.7,3) and (1.7.4) are now 
known . These fluxes must be small compared with typical 
quantities of energy and momentum flux (defined for a 
particular simulation to be and 
respectively) if energy and momentum are well conserved by 
the calculations . 
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For a 1500 particle model , energy and momentum 
are typically found to be conserved to better than a few 
per.cent over a period of 
losses in each of these 
sever.al flow timescales . Slight 
quantities result primarily from 
the boundary condition imposed at the flow obstruction , 
(chapter two ) but these are minor when the flow is 
stationary, and do not significantly effect its over.all 
structure . 
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1 . 8 COMPUTATIONAL STRATEGY 
In general, the computational requirement for one 
timestep of an S . P . H. simulation goes as the square of the 
number of particles, N. By virtue of equation ( l. 5. 4), 
however , the use of an even kernel function allows for the 
interaction between any pair of particles to be calculated 
only once, and therefore represents a reduction in the 
required computer time by a factor of two. This source of 
efficiency is lost because the kernel described in the 
previous section, which is used in all simulations, is not 
everywhere even . 
In order to overcome this problem , a nd improve 
the efficiency of the code , only the nearby neighbours of 
a given particle are used to calculate the smoothed 
properties of that particle . This procedure is valid 
because of the absence of long range inter-particle 
forces , such as self gravitation. 
The neighbours of a given particle are defined to 
be all particles within a distance of three smoothing 
lengths , but the code is insensitive to the exact value of 
this cut-off . In order to find these neighbours , 
distances between any pair of particles need be calculated 
only once per timestep , so a saving of a factor of two in 
computer time , analagous to that achieved when using an 
even kernel func t ion , is realized . 
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In a variable smoothing length calculation , the 
number of neighbours of any particle is approximately 
constant, so the computer time requir ed to calculate the 
smoothed properties of all particles is proportional to 
N. This becomes insignificant compared with the task of 
finding the neighbours , for N > 1 500 . 
If , in the interests of high resolution , it 1.s 
necessary to use ex tremely large numbers of particles (N ~ 
10000 ), this may be achieved by a process known as ' link 
listing ' • (R. Gingold , pr iv . comm . ) Essentially, the 
domain of integration is divided into a matrix of cells , 
and the paticles within each cell are stored in a linked 
list , which is updated after each timestep. Neighbours 
are then defined to be all particles located within 
neighbouring 
constitute 
neighbours, 
parameters. 
a 
cells. The 
grid 
and 
because 
not for 
cell 
it is 
the 
structure does not 
used solely to 
interpolation 
identify 
of flow 
The computer time required for one timestep now 
scales only a N . This procedure is most useful for three 
dimensional models , which require a large number of 
particles in order to achieve adequate spatial 
resolution . It is found to be unnecessary for any of the 
hydrodynamic models described in this thesis. 
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In order to avoid inefficiency caused by computer 
errors or power failures, the prograllU1le is designed to be 
fully restartable by revising a complet e record of the 
properties of all particles after each timestep. A model 
consisting of - 1500 particles requires about thirty 
seconds of VAX 11/780 C.P.U. time per timestep , and 
generally attains stationary flow after several hundred 
timesteps. 
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APPENDIX 
LAX DAMPING AND THE ENTROPY EQUATION 
The time derivative along a st reamline of the 
total energy/unit mass of a fluid element is give n by : 
(Landau and Lifshitz , 195 9 Ch.I ) 
a [ ( 1 2 ) J 1 2 QQ._ aY + dE + E ~ 
at p 2 y_ + E - 2 Y., a t + P':: 'at P3f dt (Al. l) 
where , for a polytropic equation of state : 
(Al. 2) 
Associating this fluid element with an S.P . H. p a rtic le, 
and subs ti tu ting the equation of cont inuity ( 1 . 1 . 1) and 
the damped equation of motion (1.4 . 3) achieves: 
Now , from 
relationship : 
dE = TdS + --12. 
r>2 
it is clear that : 
and: 
dE 
at 
(Al. 3) 
the well known thermodynamic 
dp (Al. 4) 
(Al. 5 ) 
'i7 ( E +E ) = T 'i7 S + .!_ 'i7 p ( A 1 • 6 ) 
- p p -
Substituting (Al .5) and (Al.6 ) into (Al . 3), and once more 
applying the eq uation of continuity , the energy derivative 
becomes : 
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. o as wd 
- v . ( p9 ( E:+---) - pT 9S) + p( T;:;-+v . 9 S) - J:- pv . ( u-v ) 
- - p - o t - - ut - "' - S 
which simplifies to : 
= pT (0 St iv .9 S ) _ w d pv . ( v.-v ) 
a - - ot - - - s (Al.7) 
The left hand side of this equation represents the balance 
between 
particle, 
internal 
and so 
system. Hence : 
and convected energy for a given 
vanishes for an energy conserving 
(Al. 8) 
Equation (Al .8) expresses the increase of the internal 
energy of a particle , resu 1 ting from Lax damping . By a 
similar treatment based on the equation of motion (1 . 4.4) 
rather than ( 1 . 4 . 3 ), the internal energy generated in the 
surrounding medium due to the damping of this particle is 
shown to be: 
(Al. 9) 
The total contribution to the internal energy of a 
particle generated by Lax damping is therefore : 
(Al . 4 ), 
Tds 
dt (Al.10 ) 
Now , once more using the thermodynamic relation 
TdS 
dt = 
d( 
dt 
E 9.Q. = 
2 dt 
p 
wd 2 (v - v ) ot - -s (A l.11) 
51. 
and substituting (Al.2) for the in ternal energy gives: 
! d p - ..YE. 9-Q 
p dt 2 dt p 
(Al.12) 
Finally , introducing the form of the equation of 
state given in (1.1.3) yields the entropy equation : 
d wd 
dt K(S) = K(S) (y-1) 6t 2 .il (v..-u ) p - "'s (Al.13) 
A simple second order differencing of this equation may be 
used to iterate the value of K(s) along a streamline: 
(n+l/2) 
K(n+l) (S)=K(n) (S)[l+(y-l )w p (v(n+l/2)_v(n+l/2))'-J 
d p(n+l/2) - -s (Al.14) 
2.1 
CHAPTER TWO 
SUPERSONIC FLOW PAST AN OBSTRUCTION 
INTRODUCTION 
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In this chapter , the supersonic flow of a diffuse 
plasma past a blunt object is considered, and the results 
of detailed axisymmetric S.P.H . simulations of such flows 
for both relativistic (y=4/3 ) and non-relativistic (y=5/3 ) 
plasmas, and for Mach numbers of 3 and 5 , are presented. 
Section two consists of a brief discussion of the 
gross qualitative features of flows past obstructions, and 
the physical processes responsible for them. Some general 
results are given concerning quantitative properties of 
the flow field and the shock junction conditions . (A more 
complete discussion of the properties of 
bodies is to be found in Landau and 
Mechanics ', Ch XIII , 1959.) 
flows past solid 
Lifshitz , ' Fluid 
The particular hydrodynamic situation modelled is 
supersonic flow past a cylinder , with the incident 
streamlines parallel to the cylinder axis . This flow is 
clearly axisymmetric , and the details of its simulation , 
including the kernel function and boundary conditions 
employed , are described in section three . 
In section four , the choice of the actual values 
of the flow parameters (M ach number, adiabatic index and 
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jet radius ) used in the simulations is discussed . This 
choice is based primarily upon observations of the jet in 
M-87 , as we 11 as upon a series of smal 1 scale simulations 
(each utilizing about - so·o S.P . H. particles) designed to 
explore the effects of varying these parameters over a 
broad range of values . 
Finally , the results of the calculations for each 
set of parameters are discussed in section five, and the 
degree to which they correspond with the expected flow 
structures as outlined in section two is analyzed . These 
results are presented diagramatically in the form of 
contour plots of the density , pressure and velocity 
fields , as well as streamline diagrams . 
2. 2 QUALITATIVE ASPECTS OF THE FLOW 
In any supersonic flow , disturbances may only be 
propagated downstream . Therefore , 
jet impinging upon a body remains 
reaches the leading end of the body , 
the boundary condition that the 
a uniform supersonic 
undisturbed until it 
thereby contravening 
normal component of 
velocity be zero at a fixed surface . This situation is 
necessarily resolved by the occurrence of a shock wave , 
commony referred to as a bow shock , which decelerates the 
flow to subsonic velocities prior to its encountering the 
obstruction . The flow upstream from the shock wave 
remains undisturbed , but the post shock streamlines are 
modified to bend smoothly around the body (Figure 2 . 1 ). 
FIGURE 2.1 
()ualitative features of the axisymmetric flow field 
prcx:luced when a uniform supersonic stream encounters a 
blunt-nosed solid cody . 
<:!' 
lf) 
su personic 
flow ~ 
supersonic 
flow 
shock 
front 
axis of 
symmetry 
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A bow shock is generally detached from the 
obstruction , but may connect with a body that has a 
sharply pointed leading end . The detachment distance 
approaches zero as the Mach number M increases without 
limit , (Landau and Lifshitz, 'Fluid Mechanics', Ch XIII ) 
and the shock strength s ( defined to be the local density 
compression ratio) decreases monotonically away from the 
obstruction. In addition, at large distances the ang le 
between the shock and the incident stream lines 
asymptotically approaches the Mach angle, as expressed by: 
. -1 8 = sin M ( 2 . 2 . 1 ) 
If the body is a solid of revolution , and its 
axis is parallel to the incident flow direction, the 
resultant axial s ymmet ry 
quantitative calculations . 
point pressure , at the 
(Figure 2 . 1 ) is given by : 
Ch. IX ) 
makes possible certain 
For example , the stagnation 
leading end of the 
(Landau and Lifshitz, 
body, 
1959 
( 2 . 2 . 2 ) 
It is also possible to derive relationships 
between the values of thermodynamic parameters on either 
side of the shock front . Using the subscripts 1 and 2 to 
refer to pre-shock and post- shock values respectively, 
these relations are : (Landau and Lifshitz , 1959 Ch . IX) 
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n 
P2 = vl = 
pl n 
v2 
( y+ 1 ) M 2 sin 2 <P / [ ( Y-1 ) M 2 sin 2 ,.. 1 1 ~ + 2 ] ( 2 . 2 . 3 ) 
= [2YMi sin 2 <P - (y-1)]/( y+l) (2.2.4) 
where <P is the angle between the shock normal and the 
incident streamlines , and the superscript n refers to the 
component of a vector normal to the shock front . 
Finally, the maximum possible shock strength, 
s is found by taking the high Mach number limit of 
max 
the dens ity junction condition (equation 2 . 2.3) 
perpendicular shock front , (¢=0) and is given by : 
for a 
Y..:!l_ 
- {~ y =S/3 s = Y=4/3 (2.2 . 5) max y-1 
The major qualitative features of axisymmetric 
supersonic f low past a blunt object are represented 
schematically in figure (2.1). 
2.3 DETAILS OF THE HYDRODYNAMIC MODEL 
In this section , the actual hydrodynamic flow 
simulated is discussed in terms of its relevance to the 
bow-shock model of the knots in the M-87 jet. An 
expression is given for the kernel function used, and the 
boundary 
described . 
conditions employed in the calculation are 
No direct data are presently available concerning 
the size or shape of the clouds which may be impeding the 
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flow of the jet in M-87, but they are likely to be 
confined by ram pressure into a blunt-nosed, approximately 
axi symmetric geometry ( Pacho lczyk, 19 70). The large scale 
features of the flow are quantitatively independent of the 
precise shape of the obstruction, and the small scale 
features are 
independent 
expected 
of it. 
to be at 
Therefore , 
least 
neither 
qualitatively 
the spatial 
distribution nor the spectrum of the synchrotron emission 
from the post-shock plasma , for a particular model , should 
be strongly influenced by the assumed shape of the 
obstruction. For this reason, the cloud may be chosen to 
be any axisymmetric blunt-nosed shape, with the sole 
purpose of minimizing computational complexity. 
A kernel function designed specifically for an 
obstruction with curved boundaries, using the prescription 
described in section 1.3, is not generally analytically 
expressible. The cloud 
cylindrical, and jet flow 
cylinder is modelled. This 
is therefore assumed 
parallel to the axis 
flow is axisymmetric, 
to be 
of this 
and the 
two dimensional solution domain has the property that all 
its edges are straight lines. 
The cylinder has a radius Rand half length Lin 
the X-Z plane, and the region of integration is bounded by 
[ O < x < x2; zl < z < z2 J. The appropriate kernel function 
for eliminating edge effects, both near the limits of the 
integration region and near the surface of the cylinder, 
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(by analogy with the derivation of the kernel function 
represented by equations 1 . 3.5 and 1 . 3 . 6) , is given by : 
W (r,r',h) = 4 
nh 2 
(2 . 3.1) 
A ( f ) - [{o (~) _ o (x~x2)) {O (z~zl) _ o (z~z2)) -
(2 . 3 . 2) 
where r and r are position vectors in X-Z coordinates. 
The gradient of this function is required for kernel 
estimation of the pressure forces in the plasma , (equation 
1.4.15) and is expressed by: 
2 
'v W ( r, r ' , h ) = - { - ( r-r ' ) +G ( r)} W ( r , r ' , h ) 
h2 - - - - (2.3.3) 
[ 
2 2 2 2 
G (r) =;TihA(r) {<P(z-~l) _ q, (z-~2) }{e-x /h -e-(x-x2) /h} 
2 2 2 2 l {¢ ( z~L)- <l> (z~L)} {e- x /h _ e -( x-R) /h} ( 2 . 3 . 4 ) 
2 2 
-( z - z2) /h 
-e } -
2 2 2 2 ] {¢ (~)- <l>(x-R)} ~-(z+L) /h -e-(z-L) /h} ( 2 . 3 _5 ) h h 
For simplicity , Rand L are each taken to be one, 
thereby defining the natural unit of length for the 
calculation . In real space (R-Z coordinates) the cylinder 
has a radius of f2 units , ( according to the transformation 
given in equation 1.4 . 8 ) and extends from z = -1.0 to z = 
+l.O . Kernel estimation is first order accurate at points 
near the surface of the cylinder or the boundaries of the 
region , and second order accurate elsewhere . 
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In order to obtain the correct flow structure 
around the cylinder, it is clearly necessary for the 
smoothing length near the cylinder to be smal ler th an the 
size of the cylinder . (For simi l a r calculations using 
finite 
half 
difference 
the radius 
techniques, a grid 
of the obstruction 
spac e as 
is found 
l a rge 
not 
as 
to 
introduce spurious effects ( van Leer , 19 79) ) . If this is 
not the case , the initial flow perturbations originating 
at the cylinder are not resolved, and a shock wave is not 
obtained. In all 
grid separation of 
s imu la tions presented here, the initial 
the particles is O. 4, and the optimal 
value of h 0 is then - 0. 65. This l eads to a smoothing 
l ength near the cylinder of h I\, 0. 3 ( equation 1. 3. 3). 
Since S. P.H. is equivalent to second order interpolation 
from a grid with grid separation h, (Gingold and Monaghan , 
1982) the spa tial resolution is somewhat better than h , 
and perturbations near the cylinder are adequately 
resolved. 
It is clearly 
continuously past this 
develops. This stream 
injecting particles at 
necessary for particles to stream 
cylinder as the flow structure 
is maintained by periodically 
the upstream boundary of the 
integration region, and continuously eliminating particles 
which leave the region through any other boundary. ( The 
axis is a special case, and is not considered to be a 
boundary in this context.) 
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Injection takes place when the upstream boundary 
has travelled a certain distance d downstream. This 
distance is chosen to b e small enough to e nsure that the 
boundary does not reach the most upstream point of the 
shock front. The flow near the boundary therefore remains 
undisturbed , ( section 2. 2) and the particles r e presenting 
it lie on a rectangular grid . Particles are then added so 
as to extend this grid upstream by a distance d, and the 
boundary is reset to its original position. The va lue of 
d is taken to be three times the particle grid spacing 1.n 
all models. 
The region of integration 1.S chosen to be 
sufficiently large to encompass . the entire volume in 
which the flow is signifiantly effected by the 
obstruction. It extends four units upstream and ten units 
downstream from the c entre of the cylinder, and out to a 
value of x2 = 40. Particles are free to pass out of thi s 
region , and are then excluded from the computation. Using 
a region of this size , and an initial grid spacing of 0 . 4, 
a typical model require s a total of _250 0 particles. 
It is meaningless for particles to pass through 
the axis, because the region x < O has no physical 
existence. This boundary 
calculations by reflecting 
axis back into the region 
condition is imposed upon the 
any particle which crosses the 
of integration . As expected , 
particles no longer attempt to cross the axis after 
stationary flow has been established . 
6 1. 
fluid 
The boundary condition applicable 
near a fixed surface is that the 
to a perfect 
component of 
In order to velocity normal to the surface vanishes . 
implement 
particle 
cylinder 
this , . a test is made prior to 
positions , for particles which 
iteration of 
would enter 
during the subsequent time step. Any 
the 
t he 
such 
particle is not iterated in position, and its component of 
velocity normal to the cylinder surface is set to zero . 
During the early stages of development , when the flow is 
still unphysical , this condition results in some non-
c onserva tion of energy and momentum. After stationary 
flow is attained, however , the tendancy for particles to 
enter the cylinder disappears, indicating that a smooth 
flow around the cylinder has been set up . The fact that 
energy and momentum are well conserved in this regime 
( section 1 . 6 ) suggests that the boundary condition is not 
effecting the solution in an unphysical manner . 
The technique of S.P . H. lS not capable of 
treating extremely large density contrasts , because it 
utilizes a finite number of particles , each of which has a 
finite mass . Such particles are distributed so sparsely 
in regions of low density that kernel estimation becomes 
very unreliable. Because, like its leading end , the 
trailing end of the cylinder is also blunt, an evacuated 
region is created downstream from it , and densities 
approaching zero 
use of equation 
are encountered by a few particles . The 
( l. 2 . 9) for kernel estimation then leads 
to poor estimates of the smoothed properties of these 
as a result of p ( r . ) 
-J 
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occurring in the particles , 
denominator . In order to improve this situation, the 
kernel estimate of a quantity f is replaced by the kernel 
estimate of pf , divided by the smoothed density : 
fs(~) ~ (pf)s(:)/ps(~) (2 . 3.6) 
Equation (1.2 . 9 ) is retained for kernel estimation of 
(p f ) 
s 
and p s, 
the denominator . 
but the t erm p ( r . ) 
- J no longe r occurs in 
This minor alteration to the procedure described 
in section 1 . 3 improves the accuracy of kernel estimation 
in regions of very low density , and allows ari thmeti c 
overflows to be avoided when obtai n ing kernel estimates at 
points other than particle positions. (This is required 
for contouring the properties of the flow field . ) The 
approximation made in equation (2 . 3 . 6 ), however , has no 
significant effect upon the stationary flow fields 
obtained from the calculations . 
2 . 4 PARAMETERS OF THE SIMULATIONS 
The major physical parameters of the hydrodyn ami c 
model described in the previous section are : 
i ) the pre-shock Mach number of the flow (M), 
ii ) the adiabatic index of the plasma (y ) and 
iii ) the ratio ( D ) of the diameter of the jet to 
the d i ameter of the obstruction. 
Limits may be placed on the possible values of these 
parameters by comparing the results of small scale 
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simulations with the observed features of the jet in 
M-87. In this section the choice of the final va 1 ues of 
these parameters , for wh ich full flow simu la tions are 
undertaken, is discussed . 
Because no consensus presently ex ists concerning 
the Mach number of the flow in the M-87 jet, small scale 
simulations were performed ove r a broad range in M. Each 
of these simulations utiliz ed _soo S.P.H. particles in a 
somewhat smaller region of integration (x2 = 20, zl = -4 
and z2 = 6) with a grid spac ing of 0.6 and h 1, 0. 0 = 
For non-relativistic (y=S/3 ) models at Mach numbers M 
- 3 I 
the shock is not sufficiently strong to produce the flat 
radio spectral index observed for M-87. An index of a =0.65 
requires a shock strength of s = 3. 3, ( see chapter four ) 
and at M = 3 this is achieved only in a very small region 
near the axis (figure 2,2a). Therefore, the spectral 
index of the flux density from the entire flow is 
significantly steeper than the observed value of 0.65, It 
is possible that this low limit to the Mach nu mber is 
somewhat smaller in the case of a relativistic ( Y = 4/3) 
plama, where the shock strength is greater, but such small 
Mach numbers are in contradiction with the work of 
Charlesworth and Spencer (1982) which implies M > 3. 
As the Mach number is increased, several effects 
become evident: 
i) the shock increases in strength at all 
points, 
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ii) the shock front approaches the obstruction 
more closely, and 
iii) the angle between the shock and the incid ent 
streamlines becomes more oblique in regions 
well away from the axis . 
Each of these effects is to be expected from general 
t heoretical considerations (section 2 . 2 ). 
For Mach numbers greater than about ten the shock 
is very strong , even at large radii where it is high ly 
oblique . Electrons are consequently accelerated when 
passing through the oblique section of the shock front , 
implying a ' swept back ' appearance for a knot produced in 
this way . Such a morphology is not supported by recent 
high resoluti o n observations of the M- 8 7 jet , (Biretta et 
al ., 19 83 ) so it i s likely that the Mach number of this 
j et i s <10 if the knots are a result of bow shocks . 
The foregoing argument may be invalid in cert a in 
circumstances . For example , if the jet radius is not 
large com pa red with that of the obstruct ion , the shock 
does not become · highly oblique within the jet boundary , 
thus explaining the lack of a ' swept back ' morphology . 
This is an unlikely situation , however , because such jets 
are found to be rapidly disrupted by the interaction with 
the obstruction ( see below ). Another possibility is that 
projection effects may have a significant inf l uence on the 
observed morphol o gy o f the knots . Fo r example , it is 
found that the distribution of the emission does not 
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display such a marked ' swept back' appea rance when the 
line of sight approaches the jet axis . 
discussed more fully in section 7.2.) 
(This effect is 
Despite these 
uncertainties concerning the Mach number of the M-87 jet , 
high resolution simulations of the flow are performed at 
values of M = 3 and M = 5. 
In order to investigate the ef feet on the flow 
structure of varying the adiabatic index , each simulation 
is performed using the values Y = 5/3 and Y = 4/3 . These 
indices repres en t the two extremes in which the pressure 
provided by relativistic particles is negligible (the non -
relativistic model ) and dominant ( the relativistic model) 
respectively. In the relativistic model, although the 
pressure is dominated by relativistic particles , it is 
assumed that the mass density is dominated by cold (non-
relativistic) 
relativistic 
expressed by: 
2 
C = 
s 
matter , which 
speed sound 
YPrel 
p 
2 
< C 
therefore 
C • s 
This 
implies a non -
condition is 
(2.4.1) 
where is the pressure due to relativistic particles 
and pis the mass density of the plasma. 
value 
-2 cm 
of the pressure 
(Hardee , 1982) 
in the knots 
obtained from 
For a reasonable 
of X 10-9 dyn 
minimum energy 
calculations , condition ( 2 .4. 1 ) requires only that ne > 2.7 
X 
-3 
cm The relativistic model is therefore 
consistent with the likely physical conditions in the M-87 
jet. 
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Finally , it was necessary to examine the effects 
of varying the ratio (D) of the initial radius of the jet 
to the radius of the cylinder , and a f urther series of 
small simulations was performed for this purpose . Jets 
with an initial radius ratio of D < 2 were found to be 
totally disrupted by the large input of radial momentum 
which occurred at the shock front , thereby providing a 
lower limit to the possible values of this parameter. 
Similarly , jets with very large radius ratios need not be 
simulated because recent observations suggest that most of 
the emission originates behind a relatively non-oblique 
shock front , such as is the case near the obstruction . It 
is pointless , therefore, to model the flow where the shock 
is both weak and highly oblique. 
In fact, a practical upper limit of about six 
uni ts ( D = 4 . 24 ) is placed upon the jet radius by the 
available computing resources . Significantly larger jet 
radii necessitate either a prohibitive increase in the 
number of particles used , or a corresponding decrease in 
the spatial resolution . For these reasons , an initial jet 
radius of six units is adopted for all simulations . 
2 . 5 RESULTS OF THE SIMULATIONS 
In this section , the results of each full scale 
simulation of the supersonic flow of a free jet past a 
cy l inder are described . In order to present these results 
in a manner admitt i ng both qualitative and quantitative 
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analysis, 
density 
contour plots of the thermodynamic variables 
and pressure, and of the axial and radi al 
components of velocity are given ( figures 2. 2 to 2. 5). 
Streamline diagrams are also included , to assist 
visualizing the flow structure. Finally, a comparison is 
made between the results of these simulations and the flow 
features expected from general hydrodynamic theory 
( section 2. 2) in order to assess the degree to which they 
correspond with the flow of a real fluid . 
As expected, one feature common to all the 
simulations is the occurrence of a curved bow shock around 
the upstream end of the cylinder. Densities and pressures 
in the region immediately downstream from this shock are 
strongly enhanced, but typically decay to near their 
pre-shock values within a few distance units along a 
streamline. The bow shock retards the axial velocity of 
the plasma, especially near the axis where it is almost 
perpendicular to 
retardation 
where the 
is not 
shock 
the incident 
strong elsewhere 
front is highly 
streamlines. This 
in the jet, 
oblique. 
however, 
In these 
regions, the dominant effect is an increase in the radial 
velocity of the plasma, which results direct ly from the 
junction condition 
the shock front. 
for velocity 
(Since the 
( equation 
transverse 
2.2.3) across 
velocity is 
continuous across the shock , while the normal velocity is 
reduced by a factor of the shock strength, the velocity 
vector is ' refracted' in a direction away from the shock 
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normal .) This leads to an accelerated expansion of the 
jet radius . 
The detailed shape of the shock front varies with 
the parameters of the simulated flow , but in each case the 
angle between the shock and the axis becomes progressively 
more oblique with increasing radius , approaching a 
limiting angle near the edge of the jet . For a 
non - relativisitic plasma, (figures 2.2 and 2.3) this 
limiting angle is -1280 at Mach 3, and -1480 at Mach 
5, while for a relativistic plasma (figures 2.4 and 2.5) 
the corresponding angles are -1310 and - 1500 
respectively . Clearly, therefore, it is the Mach number 
of the jet rather than the adiabatic index of the plasma 
which determines the geometrical shape of the shock front . 
If the jet were confined , one would expect these 
limiting angles to approximate the appropriate Mach angles 
(equation 2.2 . 1 ) of 160.50 and 168.50. In each case, 
however , 
expected . 
the shock is significantly less oblique than 
This is a result of diverging streamlines, an 
effect which is expected to be important near the boundary 
of any freely expanding jet . To take account of this 
effect , the angle between the incident streamlines and the 
shock front , near the edge of the jet, is measured 
directly from the streamline plots . This angle is found 
to be -1540 at Mach 3 ( figure 2 . 2c) and - 165° at Mach 
5 ( figure 2.3c) for a non relativistic plasma, and - 154° 
and respectively for a relativistic plasma 
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(figures 2.4c and 2.Sc). As is to be expected from the 
discuss ion in section 2. 2, al 1 these angles are within a 
few degrees of 
exceed them. 
the 
This 
appropriate Mach angles, but never 
observation indicates tha t the 
simulations accurately represent the flows of real plasmas. 
Further support for this conclusion is gained 
the shock strength in each from an 
simulation. 
analysis of 
The shock is 
and becomes progressively 
always strongest near the axis , 
weaker with increasing radius. 
The maximum strengths attained a non-relativistic 
plasma are -3 .5 at Mach 3 (figure 2.2a) and -4 .0 at Mach 
5, (figure 2.3a) and for a relativisitic plasma the 
corresponding 
(figures 2.4a 
suffers from 
values are 
and 2. Sa). The 
the combined 
and - 5. 5 
accuracy of 
effects of 
respectively 
these values 
poor spatial 
resolution near the axis and poor kernel estimation near 
the boundary of the integration region. ( The former of 
these results from the singularity in the transformation 
equation 
a kernel 
(1.4.8), and the latter is a consequence of using 
designed to compensate for edge effects.) The 
values do indicate the expected trend of increasing shock 
strength with increasing Mach number, however, as well as 
satisfying 
strength 
the 
given 
theoretical 
in equation 
upper limit 
(2.2.5). 
to 
Each 
the 
of 
shock 
these 
criteria are satisfied, in fact, at all points on every 
simulated shock front. 
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Several important characteristics of the simulated 
flows may be deduced from the velocity contour plots 
( f i g u r es 2 . 2 b to 2 . 5 b ) . Fi rs t l y , s inc e the ma j o r it y of 
the plasma passes through the shock front at a highly 
oblique angle, the velocity gradient in the flow generally 
remains small . (This is because the velocity component 
transverse to the shock dominates, and is continuous 
across the shock.) Therefore, the Lax-Wendroff damping 
used for stabalizing the shock ( section 1. 5) transfers a 
negligible amount of bulk kinetic energy into internal 
energy, and the jet is not significantly decelerated by 
its interaction with the cylinder. Secondly, the low 
density region created immediately downstream from the 
cylinder induces pressure forces which tend to recollimate 
the post-shock plasma . This recollimation is indicated by 
the presence of negative radial velocity components in all 
simulations, and may be responsible for a slight density 
enhancement (particularly for the M = 3 flows , but not 
well confirmed by these simulations) further along the 
downstream axis (figures 2.2b and 2.4b). 
It is clear from the foregoing discussion that 
these S.P.H, simulations of plasma flows past a cylinder 
display features highly consistent with those expected 
from general hydrodynamic theory . At the same time , 
however , they reveal details which are accessable only 
when using some form of numerical technique . 
FIQJRE 2.2 
Fl°"" field of a Mach 3, Y = 5/3 plasma encountering a 
cylinder, obtained from an axisymmetric S.P.H. simulation. 
2.2a Contours of normalized density (top) and 
pressure. 
2.2b Contours of normalized radial (top) and 
axial velcx:ity. 
2.2c Streamlines of the fla,.,,. 
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FIGURE 2.3 
Flo,., field of a Mach 5, y= 5/3 plasma encountering a 
cylinder, obtained fr<Y.i. an axisymmetric S.P.H. simulation. 
2.3a Contours of normalized density (top) and 
pressure. 
2.3b Contours of normalized radial (top) and 
axial velocity. 
2.3c Streamlines of the flow. 
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Fla.v field of a Mach 3, y= 4/3 plasma encountering a 
cylinder, obtained from an axisymmetric S.P.P.. simulation. 
2.4a Contours of normalized density (top) and 
pressure. 
2.4b Contours of normalized radial (top) and 
axial velocity. 
2.4c Streamlines of the flow. 
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FIGURE 2.5 
Flow field of a Mach 5, Y = 4/3 plasma encountering a 
cylinder, obtained from an axisymrnetric S.P.H. simulation. 
2.5a Contours of normalized density (top) and 
pressure. 
2.5b Contours of normalized radial (top) and 
axial velocity. 
2.5c Streamlines of the flow. 
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CHAPTER THREE 
THE MAGNETIC FIELD STRUCTURE 
3.1 INTRODUCTION 
The magnetic field configuration within a jet 
plays a dominant role in determining the polarization 
distribution of the emitted radiation . In addition, any 
observable feature of the jet which is a result of the 
synchrotron cooling of electrons (such as the spectral 
break (Smith et al. , 1983) and the frequency dependent 
structure of knot A (Biretta et al. , 1983) in the M-87 
jet) is strongly influenced by the internal magnetic 
field. It is clear, therefore, that a mode 1 designed to 
reproduce all the features of any well observed jet must 
incorporate a realistic magnetic field structure. 
Observations of the polarization distribution in 
the M-87 jet (Owen et al. , 1981; Visvanathan and Pickles , 
1981 ) indicate that magnetic field components both 
parallel and perpendicular to the jet axis are involved , 
and that the relative strengths of these components can 
vary on scale lengths of ~ l " along the jet. 
In the following section, a weak field solution 
to the stationary axisymmetric M. H. D. equations is 
presented , for a configuration which incorporates both 
parallel and perpendicular field components. The fact 
that each of these field components exist in jets is wel 1 
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established , (Bridle , 1982) and it is possible that the 
perpendicular component is due to the presence of a 
toroidal field . (Bicknell and Henriksen, 1980; Chan and 
Henriksen , 1980; Blandford, 1983) 
The treatment presented here admits the 
possibility of magnetic field reversals , but it is assumed 
that the regions in which these reversals take place 
occupy a negligible fraction of the total volume of 
synchrotron emitting plasma (if indeed they exist at all). 
Such reversals should therefore have no significant effect 
upon the po l arization or brightness distributions of the 
synchrotron emission obtained from the flow simulations . 
A schematic representation of the assumed magnetic field 
configuration , and of the effect of possible field 
reversals , is g i ven in figure 3 . 1 . 
The stationary field configurations obtained from 
each flow simulation are discussed and compared in section 
three . They are presented in the form of a grid of 
vectors rep r esenting the strength and direction of the 
poloidal fie l d , upon which is superposed a contour plot of 
the toroida l to poloidal field strength ratio . The major 
advantage of this representation is that the dominant 
field component (either parallel or perpendicular to the 
jet ax i s ) is made apparent at every point in the flow . 
FIGURE 3.1 
Schematic representation of the assumed magnetic field 
distribution in the pre-shock plasma. The effects of 
possible field reversals (associated with sign changes of 
the streamline constant a ) are illustrated from l:oth side 
(top) and end elevations. 
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SIDE ELEVATION 
-< 
no reversals re versa Is 
END ELEVATION 
no reversals reversals 
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3.2 WEAK FIELD IN A NON-SWIRLING JET 
The stationary axisymme tric M.H.D. equat i ons of 
fluid flow have been extensively studied. (Reinmann a nd 
Olbert, 1978 and refs. therein) It 1.s well known, for 
example, that several of these equations may be expr e ss e d 
1.n terms of the constancy of certain quantities along 
streamlines. Using the subscripts p and ¢ to repres e nt a 
poloidal ve ctor and the toroidal component of a vector 
respectively, these streamline constants are given by: 
(Heinemann and Olbert, 1978) 
B B 
z r 
a = = 
pv z P" r 
(3.2.1) 
w = (a p v ¢-B ¢)/ a pr (3.2.2) 
aB 
L = r(v - .:__¢..) (3.2.3) ¢ 4n 
In the treatment due to Reinmann and Olbert, the 
symmetry 
derivation 
condition that 
of equations 
E ¢ =E ¢( r, z) 1.s used the 
( 3 • 2 . 1 ) to ( 3 . 2 . 3 ) . Integration 
and of E ¢ with respect to ¢ yields the scalar potential V, 
application of the criterion that Vis single valued then 
leads to E¢ (r,z)=O. In the case of a test magnetic field, 
where the energy density of the field is much smaller than 
the internal energy of the plasma, it is possible for E¢ 
to depend upon ¢ , even in an axi symmetric flow, This 
means that more complex field configurations, possibly 
involving field reversals, may obtain. 
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Magnetic field reverals are represented, in the 
treatment presented here, by sudden changes in sign of the 
streamline constant a, thus causing a sudden change in the 
sign of the magnetic field vector . Since the region of 
transition occupies no volume in the plasma , however, 
these reversals have no 
analysis of the surface 
effect upon 
brightness 
the 
or 
subsequent 
polarization 
distributions of the synchrotron emission. 
Equations ( 3. 2. 2) and ( 3 . 2 . 3) for the streamline 
constants w and L are solved simultaneously for v ¢ and B ¢ 
to give: 
L - !]{Jj'.' 2 
V q> = (1-n)r (3 . 2 . 4) 
2 
B¢ = 
( L- iJ ) 
( 1- n) r ( 3 . 2 . 5 ) 
where: 
n = a
2p / 4 TI ( 3 • 2 • 6 ) 
The quantity L represents the axial component of specific 
angular momentum of the plasma , and is identically zero 
for a non-swirling jet . Further, substituting equation 
( 3.2 . 1 ) for the streamline constant a into equation 
( 3 . 2.6 ) reveals that: 
n = 
2 2 B / 4Tip '\l. 
"P p 
( 3 . 2 . 7 ) 
The quantity n represents the ratio of the energy density 
in the poloidal magnetic field to the bulk kinetic energy 
of the plasma , and is assumed to be small in the weak 
field approximation. 
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Imposing the conditions L=O and 11<< 1 upon 
equations ( 3. 2. 4) and ( 3. 2. 5) for the t oroida l c omponents 
of velocity and ma gn e tic field a llows t hem to be 
simplified to: 
(3.2.8) 
pr (3.2.9) 
If B cp-l~p I, then it is clear from equations (3.2.1) and 
(3.2.9) that IY pl-wr:-, and so: 
J 
V 1-p I 
- 11 « l (3.2.10) 
This means that the non-zero component of 
velocity, 
negligible. 
as expressed by 
toroidal 
equation (3.2.8), is 
An appropriate solution for a weak magnetic 
field frozen into a non-swirling jet is therefore given by: 
B -= apv ( 3 . 2 . 1 1 ) 
- p "P 
B¢ = Bpr (3.2.12) 
where a and B are streamline constants. In order to fully 
specify the magnetic field at any point in the flow, all 
that remains is to investigate the junction conditions of 
a and B across an oblique shock front . 
Defining " n to be the unit vector normal to the 
" shock front at a point P, and t to be the unit vector at P 
such that n X ( = ¢ , the poloidal magnetic field may be 
resolved into its components normal and transverse to the 
shock as follows : 
" B • n = ap 'l • 0 
-p - p 
n 
= a pV (3.2.13) 
B t = B • t = ap v • t = p -p "P -
t 
apv 
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(3 . 2 . 14) 
Because of the axial symmetry of the flow, the vector $ 
always lies in the plane of the shock, and the coordinate 
system defined by~, t and ¢ is orthogonal. 
Now using the subscripts land 2 to refer to pre-
shock and post-shock quantities respectively, conservation 
of mass implies: 
( 3 • 2 • l 5 ) 
where m is the mass flux through the shock front . In 
addition , the hydromagnetic junction conditions for the 
magnetic field are given by : (Bazer and Ericson, 1959) 
(3.2 . 16) 
- " ) = 0 
~t -
2 
(3.2.17 ) 
where the subscript t denotes the projection of a vector 
into the plane tangential to the shock . 
Now since equation ( 3 • 2 • l 3 ) may be 
substituted into the junction condition for Bn, equation 
(3.2.16) . After applying mass conservation as expressed 
in equation ( 3.2 . 15 ) it is found that: 
a = (3.2.18) 
which is clearly continuous across the shock. Similarly , 
since B ¢ (equation 3 . 2.12 ) and Bt ( equation 3 . 2 . 14 ) p 
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are orthogonal components of the vector 12t , subs ti tu tion 
into the junction condition (3.2.17) for §t yields: 
B r 1 = sr 2 (3.2.19) 
and 
= (3.2.20) 
Equation (3.2.19) implies that the streamline constant 8 
is continuous across the shock front, while equation 
(3.2.20) simply confirms the identical result ( as 
previously obtained) for a . 
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3 . 3 FIELD STRUCTURE OF PARTICULAR MODELS 
Polarization observations of many jets indicate 
that the magnetic field often lies parallel to the jet, 
especially in the well collimated region near the core. 
(Bridle, 1982) This is the case for the jet in M-87. 
(Owe n et al., 1980) It may then be assumed that the 
pre-shock field is dominated by its poloida 1 component, 
which therefore provides a convenient natural unit of 
field strength. It 
and (3.2.12) for 
is 
the 
apparent 
poloidal 
from equations 
and toroidal 
(3.2.11) 
field 
components, however , that the effect of a shock wave is to 
amplify 
poloidal 
always 
the toroidal field much more strongly than 
because the bulk velocity field. 
decreased 
(This 
by the 
is 
shock wave, thus reducing 
the 
is 
the 
amplification of the poloidal 
increase in the toroidal field 
field .) 
is most 
The relative 
pronounced where 
the shock is perpendicular to the incident streamlines, in 
which case the ratio of the toroidal to poloidal components 
is increased by a factor of the shock strength . 
For these reasons, it is conceivable that a small 
pre-shock toroidal field may be amplified to the extent 
that it becomes dominant and significantly influences the 
emission from some regions of the post-shock plasma . To 
investigate this effect, flow simulations are performed 
both in the absence of a toroidal field, and for two 
separate values of a spatially uniform pre- shock toroidal 
field . In the case where no toroida 1 field is included , 
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the streamline constant S is taken to b e zero in equation 
(3.2.12). To achieve spatially uniform to roida l f ields in 
the pre-shock plasma, however, va lues of S (o n a pa rticular 
streamline) of and 0.2/r1 are us e d , where 
is the initial radial coordinate of the streamline . 
In order to display the sta t ionary three 
dimensional magnetic field structure obtained from e ach 
simulation , vector grids are used to represent the 
strength and direction of the poloidal field. Contour 
p l ots of the ratio of the toroidal and poloidal components 
are then superimposed upon these grids . ( figures 3. 2 to 
3. 5 ) The contours presented in these figures refer to the 
relative strength of the toroidal field component when s = 
0 . 2/r1 and CJ= 1.0 . 
In each case, it is clear that the field strength 
ratio for a given plasma element increases sharply as the 
element passes through the shock front. This effect 1s 
evident in figure 3.2 for the case of the non-relativistic, 
Mach 3 model . It becomes more pronounced when either the 
Mach number is increased , ( figure 3. 3 ) or the pressure of 
rela ti vi stic particles becomes significant . 
and 3.5 ) 
(figures 3 . 4 
The field strength ratio 1s always particularly 
large in the subsonic region immediately upstream from the 
cylinder , where the shock is both strong and perpendicular , 
9 3. 
and where 
small. The 
the poloidal field 
poloidal field is 
component 
relative ly 
is necessarily 
sma l 1 in this 
region for two reasons: 
i) the velocity is normal to the shock f r ont, 
and so its magnitude is reduced by a factor 
of the shock strength, and 
ii) the axial velocity component is forced to 
vanish at the cylinder as a res ult of the 
boundary condition imposed. (Section 2.3) 
Although the ge neral f e atures of the ma gnetic 
field structure are comparable in all simulations, the 
maximum value of the field strength ratio is significantly 
larger in a relativistic plasma than in a non-relativistic 
plasma. 
strengths 
Th · s is a direct result of the greater shock 
(equation 2.2.5) which are achieved in a 
relativistic plasma. In a non-rela ti vi si tic plasma, for 
example, the field strength ratio is increased by a 
maximum factor of -s at Mach 3 ( figure 3. 2) and - 10 at 
Mach 5, ( figure 3. 3) while the corresponding factors in a 
relativistic plasma 
(figures 3.4 and 3.5) 
are -10 and - 15 respectively. 
As material flows around the cylinder, it is 
invari ably forced out to larger radii and accelerat ed to 
higher velocities. This leads to an increase in the 
toroidal and poloidal magnetic field strengths 
respectively , and to the formation of a region of high 
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field ratio extending downstream from the cloud. Such a 
feature is apparent in each flow simula tion, but is most 
pronounced 
greatest. 
when the toroidal field amplification is 
A particularly extended region of high field 
ratio occurs, for example, in the simulation of a 
relativistic plasma flowing at Mach 5. (figure 3.5) 
Still further downstream from the shock front, 
the plasma reaccelerates towards its initial velocity, 
and, as a result of expansion into the evacuated region 
behind the cylinder, tends to recollimate towards the 
axis. ( Section 2. 5) The reacce lera tion causes the 
po loida 1 velocity, 
to increase, while 
and hence the poloidal magnetic field 
the recol lima tion causes the toroidal 
field to decay. As a result of these processes, the field 
strength ratio decreases, and the poloidal component once 
again dominates the magnetic field in regions well 
downstream from the shock front. 
FIGURE 3.2 
Frozen in magnetic field structure of Mach 3, y = 5/3 
flow past a cylinder. vectors represent strength and 
direction of the p:::>loidal field, and contours represent the 
ratio of toroidal to p:::>loidal field strength. Scales are 
spatial coordinates in units of the cylinder half length L. 
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FIGURE 3. 5 
Frozen in magnetic field structure of Mach 5, y= 4/3 
floN past a cylinder. Vectors represent strength and 
direction of the poloidal field, and contours represent the 
ratio of toroidal to poloidal field strength. Scales are 
spatial coordinates in units of the cylinder half length L. 
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CHAPTER FOUR 
THE ELECTRON ENERGY DISTRIBUTION FUNCTION 
4.1 INTRODUCTION 
In order to investigate the synchrotron emission 
imp lied by the bow-shock model of the M-8 7 jet knots, it 
is necessary to know not only the magnetic field structure, 
(chapter three) but also the energy distribution of 
rela ti vi stic electrons at every point within the plasma. 
In this chapter , expressions are obtained for this 
distribution function, 
relativistic plasmas. 
for both relativistic and non-
The pre-shock energy distribution of relativistic 
electrons is not known, but for the purpose of these 
calculations it is assumed to be a steep spectrum power 
law. This assumption does not prejudice the results 
because the flux of radiation emitted from the pre-shock 
plasma is very small compared with that from the knots, 
and is not included in the models. ( This is observed to 
be the case even at radio frequencies, eg. Biretta et al., 
1983 .) In addition , the energy distribution functions of 
the shock accelerated electrons (derived in section 4. 2) 
are independent of the detailed form of the pre- shock 
distribution function. This is well known to be the case 
for a shock in a non-relativistic plasma, (Blandford and 
Ostriker, 1978) and is an implicit assumption in the 
treatment given here for a shock in a relativistic plasma . 
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The two dominant processes which determine the 
post-shock electron distribution function are: 
shock 
i) an acceleration to a fl a t power law 
distribution upon passing through the sh ock 
front and 
ii) a gradual cooling of the high energy tail of 
this accelerated distribution function, 
either by synchrotron cooling or the inverse 
Compton effect. 
In section two of this chapter, the process of 
acceleration is investigated. For a 
non-relativistic plasma the acceleration mechanism is well 
known, (Blandford and Ostriker, 1978) but it is 
generalized here to the case of an oblique shock front. 
To treat shock acceleration in a relativistic plasma, 
however, the assumption is made that the accelerated 
electron distribution is a power law of index r, with a 
low energy cut-off 
chosen to agree with the observed 
index r is a 
low frequency 
constant 
spectral 
index of the M-87 
as a function of 
plasma. 
jet, 
the 
and the value of E is 
0 
thermodynamic properties 
obtained 
of the 
In section three, the effect of cooling on these 
distribution functions is investigated by solving the 
evolution 
function, 
equation 
for the 
for an isotropic electron distribution 
case in which synchrotron and inverse 
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Compton cooling are important. ( Solution obtained by G. V. 
Bicknell.) In addition, the implications of this solution 
for the synchrotron spe ctrum of a cooli ng post- s hock 
plasma are discussed. 
4.2 SHOCK ACCELERATION OF ELECTRONS 
i) Non-relativistic Plasma 
It has been recognized for some time that 
relativistic particles may be accelerated to very high 
energies by the passage of a shock wave through a plasma. 
In the case of a non-re la ti vis tic plasma, in which the 
relativistic particles make a negligible contribution to 
the pressure, a detailed mechanism for this process has 
recently been described. (Axford et al., 1977; Bell, 1978 
a, b; Blandford and Ostriker, 1978.) 
It is postulated (eg. Achterburg, 1981) that a 
source of wave turbulence excited by the gradient in the 
particle distribution function exists in the vicinity of 
the shock front, and that the typical wave velocity of 
this turbulence is small compared with the bulk velocity 
of the plasma. A sufficient condition for efficient 
particle acceleration, then, 1. s that these waves 
continuously scatter particles in such a way as to make 
the distribution function isotropic in the frame of the 
background medium. 
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The mechanism of the acceleration depends upon 
the fact that the increase in density across a shock 
( strength s) implies a convergent velocity field, and 
consequently a confluence of any hydromagnetic waves being 
convected with the plasma . Pitch angle scattering from 
these waves therefore causes a particle to cross and 
recross the shock many times , and thus to be accelerated 
by the first order Fermi mechanism. 
In the present discussion of shock acceleration 
in a non-relativistic plasma , the treatment of Blandford 
and Ostriker is followed , but is generalized to the case 
of an oblique shock front . The application of this 
approach to acceleration by a bow shock is justified 
because an assumption implicit in the original derivation 
is that the diffusion length scale Ld is small compared 
with the post-shock flu id length scale . This means that 
shock curvature , and variations in the post-shock density 
and velocity , occur on length scales large compared with 
the size of the acceleration region, and consequently have 
no effect upon the mechanism. 
Now the isotropic part of the phase space 
distribution function of particles , f(E , ;:), is given by : 
(Blandford and Ostriker, 1978) 
(4.2.1) 
where 
A 
11 is a unit vector along the magnetic field 
direction, and lS the spatial diffusion coefficient 
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pa r allel to th i s field . A co- ordinate system is defined 
( figure 4.1 ) such that the x- axis is parallel to the local 
shock normal , and the subscripts 1 and 2 ar e used to refer 
to t h e pre- shock ( X <0) and post-shock regions 
respectively . In these co- ordinates , f=f(E , x) , so all 
terms involving components of velocity perpendicular to 
the shock normal vanish . (Such terms do not occur when 
the shock front is perpendicular to the incident 
streamlines. ) 
y i elds : 
Further , requiring f ( E , x) to be stationary 
V (4 . 2 . 2 ) 
X 
where : 
(4 . 2 . 3 ) 
I n tegration with respect to x of equation ( 4 . 2 .2) 
for t he stat i ona r y isot ropic distribut i on function 
reveals that the particle flux parallel to the shock 
normal is independent o f x : 
v f - Kl_!= C ( E ) 
X c)X 
( 4 . 2 . 4 ) 
Because C( E ) is n o t necessarily continuous across the 
shock , this equation must be solved separately in the pre -
shock and post- shock regions , and the solutions matched at 
x=O . Taking the asymptotic values off far from the shock 
to be f and f + respectively , the solution to equation 
( 4 .2. 4 ) f o r the phase space distribution function is : 
dx ' 
K(x ') } ( 4 . 2 .5) 
FIGURE 4.1 
CCX)rdinate system used for all calculations relating to 
particle ac _eleration at an oblique shock front. The 
magnetic field direction~ generally lies outside the XY 
plane • . 
direction 
of fl ow 
shock 
front 
-Y 
104 . 
X 
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(4.2.6) 
Now the energy flux which is carried by particles 
of a particular energy Eis given by: 
(4.2.7) 
and energy conservation demands that this flux be 
continuous at all points in the flow. In particular, 
continuity of the component off normal to the shock front 
is expressed by: 
Substitution of equations (4.2.5) and (4.2.6) for the pre-
shock and post-shock phase space distributions into the 
continuity condition (4.2.8) then yields the expression: 
vx 
1 
for which the solution is: 
where: 
!Ef f 2 ( E) = qE-q ( E' ) E' ( q-l) dE' 0 
3v 
xl 3s q = = s-1 V - V 
xl x2 
(4.2.9) 
(4.2.10) 
(4.2.11) 
Finally, rearrangement of equation (4.2.10) in terms of 
the particle number density N (where N(E)=4nE 2 f(E)) 
results in an expression for the immediate post-shock 
number of density distribution of relativistic particles: 
( ) ( 2-q) j OENl ( E I ) E I ( q-3 ) dE I N2 E = qE (4.2.12) 
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This result is identical to that obtained by Blandford and 
Ostriker , (19 78 ) except that it is now the velocity 
component normal to the shock front (rather than the 
magnitude of the velocity) which must be used in expression 
(4 . 2 .11) for the parameter q . 
The assumption is now made that the pre-shock 
number density distribution of electrons in the M- 87 jet 
has the form of a steep power law with a low energy 
cut-off : 
E > ELC 
E < ELC 
(4 . 2 . 13 ) 
The low energy cut-off ELC serves only to avoid the 
inherent singularity of a power law at zero energy , and is 
chosen to be sufficiently small to have a negligible 
effect on al l subsequent calculations . Substitution of 
this pre-shock distribution into equation ( 4 .2 .12 ) for the 
accelerated distribution function then yields : 
q 
a-(q- 2 ) (E/E )-( q - 2 ) LC 
(4 . 2 . 14) 
E >ELC 
E < ELC 
Clearly , for a > q-2 the effect of shock acceleration is 
to create a flat spectrum power law di s tribution of 
electrons from a relatively steep initial power law 
distribution . In fact , however , examination of equation 
( 4 . 2.12 ) reveals that the accelerated distribution 
functio n always has the form of a flat power law , 
independent of t h e assumed initial d i str ibu tion function , 
This result is consistent with spectral observations of 
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the M-8 7 jet at low frequencies (where the accelerated 
distribution has not been altered by cooling processes) 
which suggest that a flat power law distribution is 
appropriate . 
ii) Relativistic Plasma 
No general analysis exists for the case in which 
the dominant contribution to the plasma pressure is from 
relativistic particles, but it is known that for a 
perpendicular shock and a momentum independent diffusion 
coefficient , the accelerated distribution function has a 
power law form at high energies (Drury et al., 1982) . In 
order to model acceleration by a relativistic bow-shock , 
therefore , the assumption is made that the post-shock 
energy distribution of particles has the same general form 
as in the non- relativistic case: 
(4 . 2.15) 
As mentioned above, a power law distribution 
function is suggested by the low frequency spectrum of the 
M-87 jet , but equation (4.2 . 15 ) is somehwat more 
specialized than its equivalent for a non-relativistic 
plasma ( equation 4.2.14 ) 
independent. of position 
because 
within 
the 
the 
index 
plasma . 
r is 
This 
simplification is justified on the ground that the shock 
strength does not vary greatly . At both Mach 3 and Mach 5, 
for example , ( figures 2 . 4a and 2 . Sa) the shock strength 
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changes by less than a factor of two across the width of 
the jet. In addition , recent observations suggest that 
most of the emission originates from behind a reasonably 
non-oblique shock front ( see section 2. 4). This implies 
that it is the region of strong shock near the axis which 
is responsible for most of the particle acceleration , and 
therefore supports the assumption that shock strength 
variation is not of major importance. 
Expressions for the internal energy density of 
the post-shock plasma, and for the total number density of 
relativistic particles may be obtained from equation 
(4.2.15) by integration over energy as follows : 
J
oo N E2 
E 2 = EN2 (E) dE = ~~_ 2° 
EO 
J
oo ~0 EO 
(4.2.16) 
(4.2.17) 
where the 
n2 =E N2(E) dE = r-1 
subs~ripts 1 and 2 are once again used to denote 
pre-shock and post-shock quantities respectively. 
Now the total number of relativistic electrons is 
conserved, so their flux must be continuous across the 
shock , in which case: 
(4.2.18) 
Substituting this expression into equation (4.2.17) for 
the post shock number density, and then using conservation 
of mass (equation 3.2.15), it is found that the ratio of 
the pre-shock to post-shock number densities of 
relativistic electrons is given by: 
No Eo 
r-1 = 
109. 
(4.2.19) 
Equations (4.2.16) and (4.2 .. 19) may now be solved 
simultaneously for the parameters N0 and EO to yield : 
2 2 p 2 
NO 
( r - 1) nl ( __?_) = ( r-2 2 pl 
(4.2 . 20) 
r-2 E: 2 p 
EO = r-1 
(_l) 
nl P2 
(4 . 2 . 21) 
The post-shock energy distribution function is 
now fully specified except for the value of the index r. 
According to synchrotron theory , (eg. Pacholczyk, 1970) 
the flux emitted from a power law energy distribution of 
electrons has a spectral dependence given by : 
f a: 
V 
-(r-1)/2 
V (4 . 2 . 22) 
Because cooling processes act predominantly upon high 
energy electrons , the low frequency spectral index of the 
M-87 jet is indicative of the (uncooled) accelerated 
electron distribution function . Although it is possible 
that the observed spectral index is a result of a super-
position of a range of spectral indices, a reasonable 
value for r (within the limitations of the approximation 
that r is not spatially variable) may be obtained by 
comparing equation (4.2.22) with the observed low 
frequency spectral index of O. 65. 
r=2.3 . 
This gives a value of 
llO. 
4 . 3 SYNCHROTRON AND INVERSE COMPTON COOLING 
The energy losses suffered by electrons as a 
result of synchrotron radiat ion and the inverse Compton 
effect are each proportiona l t o the square of th e electron 
energy ( Pacho lczyk , 19 70 Ch VI) . Assuming the exista nce 
of continuous pitch angle sca t tering, and then t a king the 
average over all pitch angles , this energy loss is 
expressed by: 
dE 
dt 
(Melrose, ' Plasma Astrophysics', 1980 Ch IX) 
where: 
8 = 
= 
4r 2 
e 
2 
- f3E 
2 (B + 8 TI U d) ra 
(4.3.1) 
(4.3.2) 
In equation (4.3,2), Bis the magnetic field strength , 
re is the classical radius of the e l ectron and Urad is 
the radiation energy density within the source , 
Under the influence of these effects, the 
evolution of the isotropic electron distribution function 
f is given by : (Bicknell and Melrose, 1982) 
af 1 af at + y . 'v..,f - J V , y_ E;i (4.3.3) 
where y is the bulk velocity of the plasma. The last term 
on the left hand side of this equation repres e nts 
adiabatic losses , and the right hand side describes 
synchrotron and inverse Compton losses. After using the 
equation of continuity (1.4.1), and re-expressing in terms 
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of the numb er density N(E), the evo lution equation (4.3.3) 
reduces to: 
[~ 2 N(E ) l + Baf: [ E2N (E) l dN (E) = dt (4.3.4) 
where d/dt denotes differentiation with the motion. 
Now defining PsH to be the immediate post-shock 
dens ity experienced by a particular fluid element, the 
following substitution is made: 
E' 
N' 
After some algebra, equation (4.3.4) reduces to: 
1 
_i (N'E' 2 ) = B ( p/p ) /3 dt SH E'2 
for which the characteristic equation is: 
dE' 
dt 
l; 
= - B ( P /p ) 3 
SH 
E'2 
(4.3.5) 
(4.3.6) 
(4.3.7) 
(4.3.8) 
Integration of equation (4.3.8) shows that an electron 
accelerated to an initial post-shock value of 
cools, after a time t, to a value of E' satisfying: 
where: 
E' EO = 1-E' 
'T = j
t 
0 
l; 
3 B (p /p SH) dt 
E' = 
(4.3.9) 
(4.3.10) 
Equation (4.3.9) defines a family of curves, 
parameterized by E
0
, along which the total derivative 
11 2 . 
of N' E ' 2 is zero . This quantity is therefore a function 
only of E0 . Hence : 
(4 . 3.11) 
Now as above , the uncooled post-shock distribution 
function is assumed to be of the form of a power law with 
a low energy cut - off : 
(4.3.12) 
Substitution of this distribution into equation (4.3.11) 
for T = O then reveals the function g ( E' ) to bs, for E > E0 : 
g(E') = N' Er(E ' ) 2-r 0 0 (4.3.13) 
Hence , using equation (4. 3 .11 ), and converting back to the 
variables N and E with the aid of the transformation 
equations (4.3.5) and (4.3 .6), the cooled electron 
distribution function is found to be: 
r+2 
-3-
( p/ PsH ) 
r-2 
ET} (4 . 3.14) 
The parameter T has the value zero immediately 
after acceleration at the shock front, and then increases 
monotonically along any streamline as the effects of 
cooling become important . It is clear from equation 
(4.3. 14 ) for the cooled electron distribution that a high 
energy cut - off occurs at the energy EHC given by : 
-1 (4.3.15) 
T 
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It should be noted here that this high energy cut-off 
refers to the electron energy distribution within a 
particular plasma element , 
flow . The cut-off energy E HC 
of location. 
not 
is, 
the entire post-shock 
in general, a function 
As T continues to increase along a streamline , 
the cut-off energy clearly becomes smaller , and the 
majority of the radiation from a given plasma element is 
emitted at progressively lower frequencies. In the case 
of a constant post - shock magnetic field , for example, the 
parameter T increases linearly with distance behind the 
shock front . Calculations based on this simple model 
(Smith et al. , 1983) imply a spectral break of a = 0. 5 in 
density emitted the flux 
plasma. (These calculations 
section 6.1.) 
from 
are 
the entire 
described in 
post-shock 
detail in 
Naturally, the situation in a real jet is far 
more complex. The particular geometry involved invariably 
leads to the superposition of regions containing different 
values of T along the line of sight, and the post-shock 
magnetic field strength is not likely to be constant. In 
fact, the results presented in chapter three for the 
magnetic field structure behind a bow shock indicate the 
presence of a significant field strength gradient in all 
cases ( figures 3. 2 to 3 . 5). The presence of this field 
gradient has a marked effect upon the spatial distribution 
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of T, (section 5.3) and consequently upon the size of the 
spectral index break obtained from the models (section 
6. 4) • 
CHAPTER FIVE 
SYNCHROTRON EMISSIVITY 
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5.1 EMISSION FROM THE COOLING POST-SHOCK PLASMA 
The total emission coefficient for synchrotron 
radiation from a uniform and isotropic electron 
distribution, N(E), in a magnetic field of strength B, is 
given by : 
where: 
(Pacholczyk, 1970 Ch III) 
E: = c 1 B sin 8 \l 
F ( x ) = X 
(X) f Q N ( E ) F ( x ) dE 
2 4mn C 
e 
(5.1.1) 
(5.1.2) 
In equation ( 5 . 1.1), 8 is the angle of the magnetic field 
to the line of sight, and xis the ratio of the emission 
frequency c.o the synchrotron critical frequency for an 
electron of energy E: 
X = V / V C 
V 
C 
sin e ; 3e 3 5 4nm c 
e 
(5.1.3) 
(5.1.4) 
Now, substitution of equation (4.2.15) for the 
electron distribution function into equation ( 5 .1.1) for 
the emissivity , and then expressing the integral over 
energy in terms of an intergral over the parameter x leads 
to: 
r+2 r, 4 1-r -3- V -2-
( p/p ~ ) - . e I ( 5. 1. 5) 
·.::,H c 2B sin 
t 
where: 
I= j): 
min 
and: 
X . 
min 
V 
V 
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-1 / r-2 r-3 
TX X F(x)dx 2} 2 
2 
T 
(5.1.6) 
(5.1.7) 
(5 . 1.8) 
The lower and upper limits of the integral over x 
correspond respectively to high and low cut-offs in the 
electron energy distribution. The high cut- of-f in this 
distribution results from synchrotron (or inverse Compton) 
cooling, as described in section 4.3. A low cut-off is 
required in order to avoid a singularity at zero energy, 
but in the present work it is always sufficiently small to 
have no effect on the calculations. Therefore , the 
integral over x may be extended to infinity without 
introducing a significant error. 
In the case of a non-relativistic plasma, the 
parameters NO, EO and r for a given plasma element are 
determined primarily by the maximum shock compression 
suffered by the element, and to a minor extent by the 
assumed pre-shock electron distribution, Examination of 
equation (4.2.14) reveals 
parameters to be: 
N 
0 = NI a-{q-2) 
0 
r = q-2 
the expressions for these 
(5.1.9) 
(5.1.10) 
(5.1.11) 
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Conversely, for a relativistic plasma r is a constant 
chosen to be consistent with low frequency spectral 
observations of the M-87 jet, (section 4. 2) and NO and 
E0 are obtained directly from equations 
(4.2.21): 
2 2 (~) 2 nl N (r-1) = -0 r-2 E: 2 P1 
E r-2 
E: 2 pl 
= 0 r-1 nl p2 
(4.2.20) and 
(5.1.12) 
(5 . 1.13) 
Apart from its general behaviour as a power law 
with a low energy cut-off , no physical conatraints are 
imposed upon the pre-shock electron distribution . 
therefore a free parameter of the models, and E0 is 
chosen so that the low energy cut - off does not effect the 
total emissivity at any point in the flow . 
5.2 CALCULATION OF THE EMISSIVITY 
Apart from the basic kinetic and thermodynamic 
variables , it is necessary to associate several additional 
quantities with each particle during an S.P . H. simulation, 
in order for the synchrotron emissivity of the post-shock 
plasma to be calculated . In pa rticu la r, the immediate 
post-shock density PsH' and values of the parameter T 
for several different pre-shock magnetic field configura-
tions are required for the evaluation of expression (5.1.5) 
for the emissivity . 
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It is clear from th e definitions of PsH and T 
given in s e ction ( 4.3 ) th a t for an ac c urat e dete rmi na tion 
of the values of the s e pa r ame ters th e precise l oca t i on of 
the shock front must be known . In a ny nume ri ca l flow 
simulation , however, the sl-: ock discontinuity is smoot h e d 
over some d istan ce ( ~ h for S . P . H . ) depe nd ing upo n the 
spatia l r e so l ution of the cod e , a nd this introduces a n 
ambiguity into the definition of shock location . 
In order to evaluate T for a given particle, it 
is necessary to integrate equation (4.3 . 10 ) along the 
particle ' s streamline , starting from the shock front . In 
fact, this integration is commenced at the first point at 
which a particle experi e nces a de nsity of twice its 
initial density . This point generally lies abou t half way 
up the density i ncrease representing the shock 
discontinuity . It is found that the integration of T is 
successfully commenced for every particle , because the 
shock strength is never less than two , even near the edge 
of the jet . 
Al though the above definition of shock loca tion 
is a dequate for 
inappropriate to 
particle to be 
the integration 
define the value 
of 
of 
T , it is 
for 
equal to its smoothed density 
clearly 
a given 
at this 
poi n t . As is apparent from the results presented in 
chapter two , however , ( figures 2 . 2a to 2. Sa ) the maximum 
density experienced by a partic l e invariably occurs on l y a 
smal l distance ( :'.: h/ 2) downstream from the point at which 
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the integration of T commences. It is this maximum 
density which should be associated with the parameter 
In fact, P SH is defined, for any particle, to 
be the maximum density previously experienced by that 
particle. This yields the correct value of for a 
given particle at every point along its 
in the small region between the 
streamline, except 
point where the 
integration of T commences and the point at which the 
smoothed density reaches a maximum (figure 5.1). The 
distance between these two points is smal 1, ( of the order 
of the spatial resolution) so the volume of the region in 
which P SH is incorrectly estimated is also small. This 
source of error therefore has an insignificant effect on 
the properties of the synchrotron emission from the post-
shock plasma. 
Another error is introduced into the evaluation 
of P SH for particles which pass very near the surface of 
the cylinder, as a result of the poor accuracy of kerne 1 
estimation in this region (s ection 2.3). This results 
from the fact that, according to the definition of P SH 
given above, an overestimate of the density for a given 
particle at any point in the post-shock plasma immediately 
produces an overestimate of the value of P SH for that 
particle, which it then carries from that point on. 
FIQJRE 5.1 
Typical density profile (along a streamline) through a 
shock front produced by an S.P.H. hydrodynamic simulation. 
Integration of the parameter T commences at point A, and 
the irranediate p:::,st-shock density P is defined at p:::,int B. 
SH 
Separation of these p:::,ints is small, of the order of the 
spatial resolution. 
normalized 
density 
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In order to overcome this problem , whenever the 
value of exceeds the 
post-shock density , 
equal to s 
max 
and is not 
theoretical upper 
(equation 2.2.5) 
iterated further . 
limit to the 
it is set 
This has the 
effect of markedly reducing the error in PsH resulting 
from poor density estimation near the cylinder (which is 
restricted to a small region near the axis in any case) 
and consequently eliminating any effects it may have had 
on the subsequent analysis of tne synchrotron emission . 
The integration of Tis achieved by using a simple 
second order finite difference scheme based on equation 
( 4 . 3 .1 0) . The effect of inverse Compton cooling is not 
included in the calculation of the parameter 8 (equation 
4.3.2) because the radiation energy density from all 
sources (the major contributions are from the microwave 
background and from starlight ) is several orders of 
magnitude smaller than the energy density of the 
equipartition magnetic field . It is possible that inverse 
Compton cooling is significant , however , if the magnetic 
field strength is very much smaller than its equipartition 
value. 
Since the parameters P SH and T are now known 
for each particle, all variables required to evaluat.e the 
integrand of equation ( 5 . 1 . 6 ) may be obtained by kernel 
estimation . It remains , however , to evaluate the function 
F ( X ). This function is simplified by first expressing the 
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Bessel function K5; 3 (z) in an integral form : (Abramowitz 
and Stegun, 1964 , Pg . 376) 
followed 
K ( Z ) = I : - Z cosh 5; 
3 
by 
0 
substitution 
integration over z to yield : 
F(x) = X 
J 
00 
St 
cosh (3 ) 
cosh (t) 
0 
(t) cosh ( 5t ) dt 
3 
into 
-x 
e 
equation 
cosh ( t ) dt 
(5 . 2 . 1) 
(5 . 1.2) and 
(5 . 2.2) 
Equation ( 5. 2 . 2) is integrated numerically to produce a 
look-up table for F(x), which may then be accessed rapidly 
and accurately by interpolation . 
Because of the nec e ssity to evaluate the 
emissivity at a l arge number of points throughout the 
post-shock plasma, (which is defined to be the region in 
which ( pSH ) s > 2. 0) the integral in equation (5.1.6) 
must be computed efficiently. There fore , a high order 
quadrature is performed on an array of domain points 
distributed logarithmically for x < 1.0, and uniformly for 
X > 1.0. This procedure permits accurate evaluation of 
the integral using only about fifty domain points , despite 
the rapid variation of F ( x ) for small x . 
5.3 NORMALIZATION OF THE VARIABLES 
In order to avoid arithmetic errors in the 
calculation of t h e synchrotron emission from t he post - shock 
plasma , it is desirable ( as in the case of the S.P.H. flow 
simulations ) to normalize a ll variables to be of order 
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unity. The actual normalization factors chosen for this 
purpose , which are used for all the calculations , are now 
described . 
In the case of emission frequency , the 
normalization factor v0 is defined so that the cooling 
time for an electron of critical frequency = in 
a magnetic field of strength B0 ( the pre-shock poloidal 
field strength) lS approximately equal to the flow 
timescale of the plasma. Referring to equation 
(5.1.6) for the emissivity integral, this condition may be 
expressed by : 
= 1 
calculations, the cooling 
(equation 4.3.10) is normalized by the value: 
where : 
8 
= 27 
2 
r 
e 
2 3 
m C 
e 
(5 . 3.1) 
parameter T 
(5.3.2) 
Substitution of equation (5.3.2.) into equation (5.3 . 1) 
then yields the following expression for the frequency 
normalization factor v 0 : 
V = 0 = 2 . 512 X 10
24 s;3 t;2 (5.3.3) 
In a similar manner, the normalization factor for 
the synchrotron emissivity may be obtained directly from 
equation (5.1.5): 
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I ( r-1) (2r-l) 
t(r-1) ( E: v)O = Cl (C3) BO (No)o(Eo)~ (5 . 3.4) 0 
where cl is defined in equation (5.1. 2) . The parameters 
NO and EO (equations 5.1.12 and 5.1.13) are normalized 
by the factors: 
(5.3 . 5) 
(5.3.6) 
where is the pre-shock value of the total pressure 
(due to all relativistic particles) and n 0 is the pre-
shock number density of electrons. Subs ti tut ion of these 
expressions into equation ( 5. 3. 4) for ( E:) 
0 
then leads 
to: 
Now the total flux density emitted from the 
source is given by the expression: 
where I 
V 
s V = l IV cos ea St = 
SOURCE 
cos ea St (5.3 . 8) 
is the surface brightness at an emission 
frequency v , dl is an element of distance along the line 
of sight , eis the angle between the telescope beam and the 
direction of incomming radiation and dS"G is an element of 
solid angle subtended by the source. For a source of 
small angular extent ( as is generally the case) e - 0 and 
equation (5.3.8) simplifies to: 
s = 
V I sv av 
SOURCE 
(5 . 3.9) 
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where Dis the distance to the source and dV is an element 
of volume . Clearly then, the appropriate factor by which 
to normalize the total flux density is gi ve n by: 
( s ) = \) 0 
whre lS the 
l 
4 nD2 
unit of distance employed 
simulations. (s ection 1.6) 
(5.3.10) 
1n the flow 
For convenience of reference , all the vari ables 
used in calculations related to the synchrotron emission, 
( except for those discussed in section 1.6 with respect to 
the hydrodynamic simulations) along with their 
corresponding 
table 5.1. 
normalization factors , are collected 1n 
5.4 SPATIAL DISTRIBUTION OF PsH AND T 
Each of the quantities PSH and T are 
evaluated on a uniform rectangular grid by kernel 
estimation , and are presented in the form of contour plots 
(figures 5.2 and 5 . 5 ) for each flow simulation. As 
expected , the value of P SH increases sharply through the 
shock wave, after which it tends to remain constant along 
any streamline. Because the size of the increase in PsH 
is proportional to the strength of the shock, which 
diminishes away from the axis , there is a general decrease 
with radius in the value of PsH 1n the post-shock 
In a small region near the axis , however , all the plasma . 
particles have been affected by poor kernel estimation 
TABLE 5.1 
Normalization factors used in calculations related t o 
the synchrotron emission from the post tow shock plasma. 
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VARIABLE SYMBOL UNIT NORM d. 
VARIABLE 
magnetic B Bo §=§/Bo field __, 
frequency 'y Yo ')) ~ v I vo 
tau 1: 'Yo t~r/To 
electron 
E -1 I energy co E=E't' 0 
no. density 
No ( No) o NiN0/No)0 energy 
tow energy 
Eo ( Eo)0 E:=Eo}Eot cut-off 
emissivi ty E.)) (E.)o ~~= E>'/(S,t 
surf ace 
1;=1y/(E.~o ro bright ne;s Iv (E)?t ro 
f[ ux (S>'lo s: = S,,fi S,,t density s>' 
electron 
n'= n/no no. density n no 
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near the cylinder , and the parameter p SH has the maximum 
value allowed by equation (2 . 2.5). 
In every flow simulated, the spatial distribution 
of the parameter T also exhibits a sharp increase through 
the shock wave, followed by an extended plateau region. 
In this case however, the size of the jump depends 
primarily upon the magnetic field strength immediately 
behind the shock . 
with Mach number, 
Since the shock compression increases 
( section 2. 5) the post-shock magnetic 
field strength, and consequently the jump in the value of 
T at the shock front , display an analagous behaviour . 
Similarly, the greater shock compression ratios and post 
shock field strengths obtained for relativistic plasmas 
(figures 5.4a and 5.5a) also result in larger increases in 
Tat the shock front. 
One further observation is that the size of the 
jump in T at the shock front increases with radius, for 
all flows in which a pre-shock toroidal component of 
magnetic field is not included (figures 5.2a to 5 . 5a). 
The reason for this is that as the shock becomes more 
oblique , the magnetic field becomes progressively more 
transverse to it . Then referring to the shock junction 
conditions for the normal and transverse magnetic field 
components, ( equations 3. 2 . 16 and 3. 2 .17) it is apparent 
that the transverse field is amplified by a factor of the 
shock strength , while the normal field component is not 
amplified at all . In the case of a purely poloidal 
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magnetic field , this leads to a post - shock distribution of 
T which displays a gradual increase with radius , as the 
region of the shock front though which the pl a sma passed 
becomes progressively more oblique . 
Perhaps the most significant feature of the 
spatial distributions of T presented in figures 5 . 2 to 5 . 5 
is that the rate of increase of T along a streamline does 
not remain large as the plasma travels downstream from the 
shock front. This occurs primarily because the magnetic 
field strength behind the shock is not isotropic ( as has 
frequently been assumed previously) but rapidly decreases 
to well below its pre - shock value (chapter three) . The 
fact that T does not continue to increase rapidly along a 
streamline means that a large volume of post-shock plasma 
exists which is only partially cooled . This plasma emits 
strongly at low ( radio ) frequencies , but only very weakly 
at high ( optical ) frequencies . It is this effect which 
makes it possible to produce a spectral break 
significantly larger than 0 .5. 
The addition of a small toroidal component to the 
pre-shock magnetic field structure ( figures 5 . 2b to 5. Sb) 
has a major effect upon the spatial distribution of T 
Being everywhere transverse to the shock , such a field 
component is invariably amplified by a factor of the shock 
strength . I n all cases , therefore , the amplification of 
the toroidal field component is strongest near the axis , 
where the shock strength is greatest . In addition , this 
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effect is significantly more pronounced in relativistic 
models (figures 5.4b and 5 . Sb) and at higher Mach numbers, 
because of the larger shock strengths produced in these 
flows . 
As a result of toroidal field compression, a 
region of very high Tis produced near the downstream axis 
in all flows simulated . This region of the flow has a 
particularly small value of T when no toroidal field 
component is present , (figures 5 . 2a to 5 . Sa) 
therefore radiates 
frequencies . The 
strongly 
effect of 
at both 
increasing 
radio and 
the value 
and it 
optical 
of T is 
to preferentially eliminate the high frequency emission 
( section 4. 3) . Introduction of a toroidal field component 
therefore increases the spectral index break in the total 
flux density from the post - shock plasma . 
The spatial distribution of the parameter T is 
particularly important because it represents the effects 
of synchrotron cooling of electrons . It is apparent from 
equation ( 4 . 3 .15) that as T increases , the high energy 
cut- off in the cooled electron distribution decreases, as 
does the emissivity of the plasma at high frequencies . 
The spatial distribution of the parameter T is therefore 
the primary factor determining both the spectral index 
break in the total flux density, as well as the recently 
observed frequency dependent morphology of the knots in 
the M-87 jet . 
FIGURE 5.2 
Spatial distribution of the cooling parameters P and SH 
1 in the flow field of a ~~ch 3, y = 5/3 plasma 
encountering a cylinder. Scales are spatial coordinates in 
units of the cylinder half length L. 
5.2a Contours of P , (top) and 1 in the SH 
absence of a toroidal field component. 
5. 2b Contours of 1 for uniform pre-shock 
toroidal fields of strength 0.1/M (top) and 0.2/M. 
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FIGURE 5.3 
Spatial distribution of the c(X)ling parameters P and SH 
~ in the flaw field of a Mach 5, y = 5/3 plasma 
encountering a cylinder. Scales are spatial coordinates in 
units of the cylinder half length L. 
5.3a Contours of p , (top) and T 
SH 
absence of a toroidal field component. 
in the 
5.3b Contours of T for uniform pre-shock 
toroidal fields of strength 0.1/M (top) and 0.2/M. 
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FIGURE 5 .4 
Spatial distribution of the cooling parameters P and 
SH 
T in the flCM field of a Mach 3, y = 4/3 plasma 
encountering a cylinder. Scales are spatial CCX)rdinates in 
units of the cylinder half length L. 
5.4a Contours of P 
SH 
(top) and T 1.n the 
absence of a toroidal field component. 
5.4b Contours of -r for uniform pre-shock 
toroidal fields of strength 0.1/M (top) and 0.2/M. 
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FIGURE 5.5 
Spatial distribution of the cooling parameters P and 
SH 
-r in the flow field of a Mach 5, y = 4/3 plasma 
encountering a cylinder. Scales are spatial coordinates in 
units of the cylinder half length L. 
5.5a Contours of P , (top} and -r in the 
SH 
absence of a toroidal field comp:,nent. 
5.Sb Contours of -r for uni form pre-sh~k 
toroidal fields of strength 0.1/M (top) and 0.2/M. 
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CHAPTER SIX 
THE THEORETICAL SYNCHROTRON SPECTRA 
6 . 1 INTRODUCTION 
The primary purpose of this chapter is to make a 
detailed comparison between the theoretical synchrotron 
spectra (obtained from a set of S . P.H. simulations of 
supersonic jet flow past an obstruction) and the observed 
spectra of the knots in the M-87 jet. In this way, it is 
hoped to determine such parameters as the jet Mach number 
and the adiabatic index of the plasma. 
Theoretical spectra are presented here for each 
of the flow simulations described chapter two. 
(figures 6.1 to 6.4) The major features of these spectra 
are found to vary systematically with both Mach number and 
adiabatic index . They are also sensitive to the pre- stock 
ratio of toroidal to poloidal magnetic field strength . In 
order to confirm and to further investigate these trends, 
the theoretical synchrotron spectra of two additional flow 
simulations ( Y = 4/3 , M = 7 and Y = 5/3 , M = 7) are also 
presented . (figures 6.5 
conclude from an analysis 
and 6.6) It 
of al l these 
is possible 
spectra that 
to 
the 
pressure in the M-87 jet is provided by relativistic 
particles , ( y = 4/3 ) and that the jet Mach number M 1s 
greater than -3 . 
There are two principal features of the observed 
spectrum of the M-87 jet knots which any viable theoretical 
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model must b e capable of r eprod u c ing : 
i ) t he powe r l a w b e h a vi ou r a t low fr eq ue nci e s , 
with a s pec tr a l inde x aL = 0 . 65 a nd 
ii ) the s p e ctr a l inde x break of 6a _ 1 . O a t 
op tic a l fr equ e nci e s . 
In addit i on , the mode l must include a n in situ p article 
acce leration mechani s m capable of r epl e nishing the l a rge 
energy losses resulting from synchrotron radi a tion . 
The first at t empt at such a theory (Fe lt e n , 1968) 
e xplored the possibility of Fermi statistical a ccel e ra t i o n 
b y the small scale variations in the velocity fi e ld of a 
turbulent plasma . The distribution of the mean fluid 
velocity variations at a given scale l e ngth was assume d to 
obey the Kolmogorov eddy spectrum for isotropic turbul e nce 
in an incompressible fluid . This mechanism was able to 
account for the re - acceleration of optically emitting 
electrons in the M- 8 7 jet only wh e n un r ealistic values of 
the magnetic field strength ( 3 x 10- 69 ) and plasma 
density ( 4 x 10 3cm - 3 ) were assumed . 
At frequencies higher than optical, it b e comes 
increasingly difficult to explain the re- acceleration o f 
particles in terms of the Felten model . In the c a s e of 
the M- 8 7 jet , therefore , this model is strongly r e jecte d 
by recent observations (Schreier et a l., 1982 ) which 
suggest that the synchrotron spectrum may extend at least 
to X- ray frequencies . 
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In general , a high frequency spectral index break 
may be due either to a break in the electron energy 
distribution function , or to energy dependent losses . 
( Kardashev , 1962) One impo rtan t situation considered by 
Kardashev 
uniformly 
function 
which is that 
throughout a region 
is isotropic, and 
particles 
in which the 
then cool 
are injected 
distribution 
by 
synchrotron emission or the inverse Compton 
(either 
effect) a 
homogeneous magnetic 
spectral index break 
field . This 
of /1 a = 
invariably 
0 . 5, which 
leads to a 
is clearly 
inconsistent with the observed break of tia -1. 0 in the M-87 
jet . 
An important feature of the Kardashev model is 
that the frequency at which the spectral break occurs is 
time dependent , and drifts continually towards lower 
frequencies following the onset of particle injection . 
The fact that all the knots in the M-87 jet have a similar 
break frequency , however , suggests strongly that such time 
dependent behaviour is not present , and further rejects 
the simple Kardashev model described above . 
In an attempt to resolve these discrepancies , an 
alternative model (related to the Kardashev model) has 
recently been investigated by Bicknell , (Smith et al ., 
1983 ) who considered electrons to be accelerated to a 
power 
shock 
law energy distribution (of index a) at a plane 
field B of the front . The velocity v and magent ic 
post-shock plasma were each assumed to be constant , 
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leading to a linear increase with distance along a 
A plasma element streamline for the cooling parameter T . 
located a distance x = vt b eh ind the shock front was then 
found to contain a number density per unit energy of 
electrons given by : 
X >v/8 E 
x <v/B E (6 . 1.1) 
where 8 has been defined in equation (4.3 . 2 ). 
For this model , the total numb e r NT ( E ) of 
relativistic electrons per unit energy a region 
extending a di stance x downstream from an area A of the 
0 
shock front may be obtained simply by integrating over 
volume : 
E>v/8x 0 
[l - (l - e,Ex 0 /v ) (a - l ) J E~v/8x 0 
Since the emission frequency is proportional to the square 
of the electron energy (see equation 5 . 1 . 4 for the 
critical frequency ) a spectral index break of 6a = 0 . 5 is 
once again implied . Although stil 1 not consistent with 
the large spectral break observed in the spectrum of the 
M-87 j et , an appealing feature of this model is that the 
break frequency is time independent . 
One recent suggestion (Stocke et al ., 1981 ) is 
that a more dramatic spectral index break may be obtained 
if either : 
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i) the particle pitch angle distribution is 
highly anisotropic or 
ii) the rate of injection of relativistic 
particles varies with time. 
Each of these assumptions are somewhat ad hoc, however, 
and are totally unsupported by direct observational 
evidence . Neither are employed in the work presented 
here , in 
assumed 
which an 
(to reduce 
isotropic pitch 
the complexity 
angle 
of 
distribution J.s 
the synchrotron 
emissivity calculation) and in which only stationary 
models are considered. 
Despite its lack of contrived assumptions , there 
are certain basic features of the bow shock model employed 
here which are instrumental in resolving the descrepancy 
between the theoretical and the observed values of the 
spectral index break. In particular, the magnetic field 
J_s compressed strongly after passing through the shock 
front , and then adiabatically expands to well below its 
pre - shock value . (section 3 . 3) This creates a large 
magnetic field strength gradient in the post-shock plasma . 
High energy electrons cool rapidly in the small region of 
strong field immediately behind the shock front , while low 
energy electrons survive to cool slowly in the extended 
region of weak field further downstream . This behaviour 
is evident from the spatia l distribution of the cooling 
pa r ame t e r T I ( section 5 . 4 ) wh ich i ncreases along a 
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streamline only very slowly in regions well downstream 
from the shock front. 
The final result is a steepening at high energies 
of the distribution of the total number of relativistic 
partic les behind the shock front . This leads to a high 
frequency spectral index break in the synchrotron spectrum 
of the total flux density emitted from the post-shock 
plasma . Such a break is likely to be significantly 
greater than the 6 a = 0. 5 break implied by Kardashev type 
models. 
Two further effects which arise in the bow shock 
model, and which may influence the emitted spectrum are : 
i) the dependence of the emissivity on the 
local magnetic field direction and 
ii) the dependence of the electron distribution 
function on the shock strength at the point 
where acceleration took place. 
(The latter effect applies only to models based on a 
non-relativistic plasma). 
emission employed here, 
effects are incorporated. 
In the treatment of synchrotron 
(chapter five) each of these 
Although the theoretical spectra presented in 
this chapter are 
situation of flows 
have a general 
obtained only for the specialized 
behind bow shocks, they are likely to 
validity for cases which shock 
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acceleration occurs in stationary plasma flows . It is 
possible, for example , that similar conclusions may be 
reached after a detailed investigation of the Rees model , 
(Rees , 
velocity 
1978) in which shock waves 
variations originating 
develop from 
the nucleus . 
flow 
The 
primary advantage of the work presented here is that it is 
highly self consistent , making no ad hoc assumptions 
regarding : 
In all 
i) the shape of the shock front, 
ii) the structure of the post shock magnet ic 
field , 
iii) the form of the electron distribution 
function and 
iv) the time variability of the jet flow . 
previous theoretical work , unsubstantiated 
assumptions are made concerning at least one of these 
parameters . 
Despite these advantages , there is a practical 
high frequency limit above which the models presented here 
lack validity . This limit results from the cooling length 
of the electrons becomming smaller than the spatial 
resolution of the flow simulations at high frequencies , 
and it is investigated and evaluated in section two . In 
section three , the dominant source of error in the 
evaluation of the total flux is shown to be due to 
mislocation of the shock front, and an approximate 
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expression for evaluating this error is derived . Finally, 
in section four the theoretical spectra obtained from the 
flow simulations are discussed. The trends the 
features of these spectra with Mach number, adiabatic 
index and toroidal field strength are examined in order to 
determine values of these parameters for the M-87 jet. 
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6. 2 FREQUE ~CY RANGE OF TI-IE MODELS 
In the bow shock model , low frequency radiation 
is emitted from a large volume of post- shock plasma , while 
at high frequencies the emission source contracts to a 
small region immediately downstream from the shock front . 
Although this is the major reason why a large spectral 
break is obtained , it has the additional effect of placing 
a limit on the validity of the theoretical spectra at high 
frequencies . This limit is approached when the minimum 
dimension of the emission region becomes comparable with 
the spatial resolution of the flow simulations. An 
estimate of the high frequency limit on the theoretical 
spectra is now obtained by applying the criterion that the 
cooling length of an electron be larger than the spatial 
resolution at each point in a flow field. 
In terms of the normalized variables used 
throughout the cal cu la tions, (table 5.1) 
length for an electron of energy Eis given by: 
-1 
1 = vE (-dE) 
C dt 
the cooling 
(6.2 . 1) 
After referring to equations (4.3.1) and (4.3. 2 ) for the 
energy loss rate due to 
becomes: 
synchrotron radiation, this 
(6.2 . 2) 
Now since any electron radiates most strongly near its 
critical frequency , ( equation 5.1.4) an approximate 
relation between emission frequency and electron energy is : 
2 
v - v = BE cos 8 
C 
147. 
(6 . 2 . 3) 
Eliminating the e ne rgy pa r ame t e r E b etween equat i o n s 
( 6 . 2 . 2) and (6 . 2 . 3) then y i e l d s : 
l 
C 
2 - k 
= - V\! 2 3 
-3/2 B 
1/ 2 
cos 8 ( 6 .2.4) 
A rea sonab le e stima t e of the spa tial r eso l ution 
obtained in the flow s imu l a tions is - h/ 3 , ( section 2 . 3) 
and the condition th a t the coo ling length 1 b e g r eate r 
C 
than this leads to the following r e striction on t he 
validity of the spectra a t high frequenci e s : 
\) (6 . 2.5) 
The r egion of the post shock plasma flow in wh ich 
the condition ( 6 . 2 . 5 ) is most severe is immediately behind 
the shock front , where the magnetic field streng th is 
particularly large . ( section 3 . 3 ) This is espe cially 
true near t he axis , where the flow velocity is ma r ked ly 
reduced by the shock front , but the toroidal component of 
the magnetic field is significant . 
Inspection of the flow fields given in chapte r 
two and the magnetic field strength distributions given in 
chapter three reveals that the minimum value of the R.H.S . 
of condition ( 6 . 2 . 5 ) is ~ 1 , 0 in all simulations . Clearly , 
therefore , the tota l flux emitted from the post - shock 
plasma may be accurately calculated at least up to a 
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frequency of 1 . 0 . In fact , it is found that the emission 
1.s distributed somewhat more broadly than the simple 
estimate obtained from the cooling length, and the 
restriction (6.2 . 5) is consequently pessimistic. In 
practice , sampling errors in the numerical integration 
over volume become important (indicating that the smallest 
dimensions of the emission region are comparable with the 
spatial resolution ) only for v ~ 3. 0 . The absence of such 
undersampling errors implies that the emission l.S 
distributed sufficiently broadly to be evaluated correctly 
up to this frequency. 
The normalization used for the frequency (section 
5 . 3 ) is chosen such that the break in the spectral index 
should occur at a frequency of about unity. In fact , it 
is found that in all models the spectral break occurs at a 
normalized frequency of v - 0 .1 . This means that the 
theoretical spectra are valid up to about thirty times the 
observed break frequency . 
In the case of the M- 87 jet , ( 'i3R-s X 1014Hz) 
the spectra are valid up to a frequency of 1 . 5 X 
16 10 Hz. , which is well into the ultra-violet region of 
the spectrum . This limit could be extended to 
significantly higher frequencies only by substantially 
enhancing the spatial resolution of the hydrodynamics, 
which would clearly necessitate the use of a much greater 
number of particles in the flow simulations . 
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6 . 3 ERRORS 
DENSITY 
IN TI-IE CALCULATION OF THE TOTAL FLUX 
In evaluating the emissivity at a particular 
point in the post shock plasma (using the method described 
i n chapter five ) errors arise both from the kernel 
estimation of the variables required in equation ( 5 .1. 5), 
and from the numerical integration over x . In addition , 
the uncertainty in the location of the shock front 
( section 5 . 2) introduces an error into the value of the 
cooling parameter T , as it is from the shock front that 
the integration of T commences . 
At high frequencies , synchrotron cooling is 
particularly important in 
from a given plasma element . 
intergral over x ( equation 
determining the flux emitted 
It is the lower limit to the 
5.1.7) which incorporates the 
effect of synchrotron cooling on the emissivity, and this 
limit depends most strongly upon the cooling parameter T . 
For this reason , the error in T resulting from mislocation 
of the shock front is far more important that the inherent 
errors of kernel estimation or numerical integration in 
the evaluation of the total flux density from the plasma. 
Assuming the shock position to be located to an 
accuracy of -h /3, (s ection 2 . 3) the error in T is 
approximated by: 
AT - ~ ~ 
u dr · 3 (6.3.1) 
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where dr represents an lement of distance along a 
streamline . Applying equation (6 . 3 . 1) to the spatial 
distributions of T presented in chapter five, it is found 
that 6T-O . 2 in al 1 flow s imu la tions . 
Because this inaccuracy of T effects only 
emission from a substantially cooled electron distribution , 
the integral in equation (5.1.5) may be replaced by its 
asymptotic form for large x : (Pachoczyk , 1970 ChIII) 
I=,1 t~~\ 
min 
r-2 ~ } - x 
x . e dx 
min (6.3. 2) 
The integrand of equation ( 6 . 3. 2) has a maximum at the 
point: 
X 
* 
= 
1 {x. [l+(1+ 2 (r- 2 ))~] + (r-2)} ~ x. +(r-2) 
2 min x . min 
min 
(6 . 3 . 3) 
so an upper limit to the relative error in the emissivity 
integral is given by : 
6I ~ ~ r - 2 
-< {x -x . } 
I "' * min 
-( x - x . ) 
* min 
e 6x . 
min (6.3.4) 
Now since the emissivity of a plasma element is 
strongly peaked at x - 1, it is apparent from equation 
( 5 .1. 6 ) that the error in T is most significant when : 
2 
~ 1 X ~ VT 
min 
(6.3.5) 
Hence : 
,k 
6x ~ 2 VT 6T ~ 2V 2 6T 
min 
(6 . 3.6) 
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Finally , the total flux density from the 
post - shock plasma is calculated (according to equation 
5 . 3 . 9) by evaluating the emissivity on a rectangular grid , 
and then numerically integrating over volume . Assuming 
the upper limit to the relative error in the emissivity 
intergral ( equation 6 . 3 . 4 ) applies throughout the entire 
emission region , a corresponding upper limit to the 
relative error in the total flux density is given by: 
For 
6S r - 2 
v < 2 {xt-xt . } 
S * min 
V 
-(x - x . ) 
* min 
e 
the typical values r=2. 3 , 6T - 0. 2 and 
value of the coefficient C is about O. 16 . 
(6 . 3 . 7) 
X , - 1 . 0 , min the 
This value is 
used in equation ( 6 . 3 . 7 ) to provide an estimate of the 
frequency dependent error present in each calculation of 
the total flux density . 
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6 . 4 ANALYSIS AND DISCUSSION OF THCORETICAL SPECTRA 
As mentioned in the previous section, it ls 
necessary to integrate the synchrotron emissivity over 
volume in order to compute the total flux d ensity from the 
post-shock plasma. By doing this for a range of emission 
frequencies, a spectrum of the total flux density may be 
obtained . 
In this section , theoretical synchrotron spectra 
are presented for a range of bow shock flow simulations , 
and magnetic field configurations. The volume integral of 
the emissivity is found to be a d equately evaluated by 
using a simple trapezoidal rule algorithm wi t h a grid 
separation of h /2. 
0 
For each set of the parameters M 
and y, spectra are given ( in the same figure) for the two 
cases in which the pre-shock toroidal field strength has 
the values zero and 0 . 2/M respectively. This is done for 
flow simulations at three different Mach numbers, (M = 3 , 
5 , and 7 ) and for both relativistic (figures 6 . 1, 6 . 3 and 
6 . 5) and non- relativistic (figures 6 . 2, 6 . 4 and 6 . 6) 
plasmas . 
In every case, the theoretical spectrum has the 
form of a relatively flat power law at low frequencies, 
which breaks to a steep power law at high frequencies . In 
addition , the size of the spectral index break is always 
larger than the value of 6 a = 0 .5 predicted by the 
Kardashev type models discussed in section 6 . 1 . (A break 
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of 6 a= 0 , 5 is indicated by a dashed line in each of the 
spectra presented .) This is attributable, at least in 
part , to the large gradient prod uced as the strong 
post - shock magnetic field decays . (section 3 . 3) Power 
law fits to both the low and high frequency regions of the 
spectra yield values for the corresponding spectral 
indices , with errors of about +0 . 02 and +0 . 3 respectively . 
Several distinct trends are evident in the major 
features of the theoretical spectra presented in figures 
6.1 and 6 . 6 . It is most obvious, for example , that the 
inclusion of a small pre-shock toroidal field component 
invariably 
spectral 
produces 
index , and 
an increase 
consequently 
in the high 
in the' size 
frequency 
of the 
spectral index break . The reason for this is that there 
exists near the axis a region in which the toroidal field 
strength 
( section 
(section 
5 . 4 ) are 
3 . 3 ) 
both 
and the 
large . 
cooling parameter T 
This region radiates 
strongly at low frequencies, but only weakly above the 
spectral break , where cooling is important . When no 
toroidal 
particles 
field component 
in this region 
is included , the relativistic 
remain essentially uncooled, 
( small T ) and it makes only a minor contribution to the 
spectral break in the total flux density. 
For the remainder of this discussion , it is 
convenient to consider the trends in the spectra of 
re l ativ i stic and non - relativisic models separately . The 
low frequency spectral index for all relativistic ( Y= 4/3 ) 
models is predetermined 
concerning the particle 
(section 4 . 2 ) so as to be 
value of '1_. = 0 . 65 for the 
by a 
energy 
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fundamental assumption 
distribution function 
consistent with the observed 
jet in M-87. The validity of 
these models must therefore be assessed purely in terms of 
the size of the spectral index break . 
Fortunately , the size of the spectral break in 
relativistic models varies systematic ally with jet Mach 
number, decreasing from O. 9 5 at Mach 3 (figure 6 . 1) to 
0. 7 2 at Mach 7 (figures 6 . 3 ,6 . 5) . (Naturally, each of 
these values are increased by the inclusion of a toroidal 
field component , but a similar trend is evident . ) The 
reason for this dependence of the spectral break upon Mach 
number is that as M increases , the reacceleration of the 
post-shock plasma to its pre - shock velocity takes place 
over an increasingly large distance . (Th i s is most 
obvious in the velocity contour plots presented in chapter 
two .) As a consequence , the magnetic field gradient is 
diminished and the spectral index break is reduced . 
For relativistic bow shock models with Mach 
numbers M $ 3 , the spectral break becomes too large to be 
consistent with the observed break in the M- 87 jet if even 
a small toroidal field component is included . The existence 
of such a component is strongly implied by observations of 
t h e polarization structure i n the jet , and so al 1 
relat i vis ti c models with M $ 3 may be rejected . At higher 
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Mach numbers, however , it is possible to obtain a 
consistent spectrum simply by increasing the strength of 
the toroidal field component until the point at which a 
spectral index break of 6a -1. O is achieved . 
Models based on a non-relativistic (Y = 5/3) 
plasma di splay general characteristics similar to those 
for the relativistic case . In particular , each spectrum 
has the form of a flat power law at low frequencies, which 
breaks quite sharply to a steep high frequency power law. 
Spectra of the non-relativisitc models are more easily 
discriminated , however, because the accurately determined 
low frequency spectral index is not fixed , and may be 
compared directly with observations. 
At Mach 3, the low frequency spectral index 
°r, = O. 7 5, ( figure 6 . 2) but this decreases as Mach number 
increases to a.L = 0 . 63 at M = 5 , (figure 6.4) and 
°:r., = 0. 5 8 at M = 7 ( figure 6. 6) . In the limiting case of 
a hypersonic flow , the shock attains its maximum strength 
everywhere, and a value of a.L = 0 . 5 is approached . 
( section 4 . 2 ) (As expected, a.L is found to be 
independent of the pre-shock toroidal field strength, 
because cooling is unimportant at low frequencies . ) 
Clearly then, the only non-relativistic models consistent 
with the observed low frequency spectral index of 
a.L = O. 65 in the M-87 jet are those with Mach numbers in 
a very small range near M = 5. 
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It is informative to compare the spectral index 
break obtained from a non - relativistic model with that 
obtained from a relativistic model with an identical pre-
shock magnetic field and Mach number. In the absence of a 
toroidal field component , the size of the spectral index 
breaks obtained from non-relativistic models at Mach 
numbers of 3 , 5 and 7 are 1.06 , 1 . 11 and 1 . 34 respectively . 
( figures 6 . 2 , 6 . 4 and 6 . 6 ) The values for the 
corresponding relativistic models are 0 . 95 , 0 . 74 and 
0 .7 2 . ( figures 6 . 1 , 6 . 3 and 6 . 5 ) 
There are three obvious differences between the 
spectral index breaks obtained from non-relativistic and 
relativistic models : 
i ) the size of the break increases with mach 
number in non - relativistic models , whereas 
i t decreases in relativistic models , 
ii ) the abso l ute size of the 
significantly greater in the 
non - re l at i vistic models , and 
break 
spectra 
is 
of 
i ii ) the trend of increasing spectral break with 
increasing toroidal field component is more 
pronounced 
( table 6 . 1 ) 
for non - relativistic models . 
The first of these effects is easily explained as 
a resu 1 t of the variation of the l ow frequency spectral 
i nde x which aL ' 
variation does not 
decreases 
occur in 
with Mach number . Th is 
the spectra of relativistic 
1 57 . 
models . 
always 
The physical reason why the spectral break J. s 
greater for non-relativistic models is not so 
obvious , however , and is r e lated to the variation of the 
shock strength across the jet. 
According to the Blandford/Ostriker acceleration 
mechanism , ( section 4 . 2 ) a shock becomes less efficient at 
accelerating particles to high energies as it becomes 
weaker . As a result, high frequency radiation is emitted 
primarily from regJ.ons of plasma which passed through a 
particularly strong area of the bow shock . This causes a 
contraction of the emission region towards the axis (where 
the shock is strongest) at high frequencies , and 
consequently a marked increase in the spectral index break. 
Finally , the spectral inde x break obtained from 
non-re la ti vi stic models J.s particularly sensitive to the 
strength of the toroidal field component because of the 
contraction of the emission region towards the axis at 
high frequencies. As mentioned previously , 
the cooling parameter T is large in this 
toroidal field in included. (section 5 . 4 ) 
the high frequency emissivity to be 
the value of 
region when a 
This causes 
reduced , and 
contributes to the formation of a large spectral break . 
Although the Mach 5 non-relativistic model is 
consiste n t with the observed spectrum of the M- 8 7 jet at 
low frequencies , 
toroidal field 
the addition of even a sma l l component of 
creates a spectral break significantly 
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larger than 6 a= 1.0. Polarization observations indicate 
the presence of a substantial torroidal field component at 
some points in the flow, which tends to reject even the 
Mach 5 model for application to this j et . 
In 
theoretical 
conclusion, 
spectra from 
then, 
a set 
an 
of 
analysis of 
bow shock 
the 
flow 
simulations, over a broad range of parameters , indicates 
that the jet in M-87 probably consists of 
( y = 4/3 ) plasma with a Mach number M 
a re la ti vistic 
3 • It l.S 
reasonable to postulate, however, that a more realistic 
treatment of particle acceleration by a shock wave J.n a 
relativistic plasma may involve a dependence upon shock 
strength similar to that for the case of a 
non-relativistic plasma. (section 4.2) The major effect 
of such a dependence upon the theoretical spectra obtained 
from relativistic models would be an increase J.n the 
spectral index break , and consequently an increase J.n the 
inferred lower limit to the Mach number of the M-87 jet . 
TABLE 6.1 
Properties 
obtained from 
listed for each 
of the theoretical synchrotron spectra 
each plasma flow 
m:x3el are ( from 
simulation. Quantities 
left to right): Mach 
number, adiabatic index, streamline constants a and B, low 
and high frequency spectral indices, spectral index break 
and spectral break frequency. 
M 
3. 
3. 
5. 
5. 
7. 
7. 0 
3. 0 
3. 0 
5. 0 
5. 0 
7 . 0 
7. 0 
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M t ex. ~ (X_ L (X_ H ~ex.. ))SR 
3 . 0 4/3 1 . 0 0 . 0 0 . 64 1. 59 0 . 95 0. 19 
3 . 0 4/3 1. 0 0 . 2 0 . 67 1. 89 1. 2 2 0 . 21 
5 . 0 4/3 1. 0 0 . 0 0 . 65 1. 39 0 . 74 0 . 11 
5 . 0 4/3 1. 0 0 . 2 0. 67 1. 61 0 . 94 0. 13 
7. 0 4/3 1. 0 0. 0 0 . 67 1. 39 0. 72 0 . 13 
7. 0 4/3 1. 0 0 . 2 0. 68 1. 51 0 . 83 0 . 12 
3 . 0 5/3 1. 0 0 . 0 0. 75 1. 81 1. 06 0. 50 
3. 0 5/3 1. 0 0. 2 0 . 77 2 . 24 1. 47 0. 22 
5 . 0 5/3 1. 0 0 . 0 0 . 63 1. 74 1. 11 0.25 
5. 0 5/3 1. 0 0. 2 0. 63 2 . 37 1. 74 0 . 28 
7 . 0 5/3 1. 0 0. 0 0. 58 1. 92 1. 34 0 .25 
7 . 0 5/3 1. 0 0.2 0. 60 2 . 40 1. 80 0.32 
FIGURE 6.1 
Theoretical synchrotron spectra of the total flux 
density (in arbitrary units) obtained from the Mach 3, 
y= 4/3 plasma fla,.,, simulation in the absence of a toroidal 
field component, (top) and for a spatially uniform pre-shock 
toroidal field of strength 0.2/M. Dashed line represents a 
high frequency spectral index break of ~a= 0.5. 
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FIGURE 6.2 
Theoretical synchrotron spectra of the total flux 
density (in arbitrary units) obtained from the Mach 3, 
y = 5/3 plasma flow simulation in the absence of a toroidal 
field component, (top) and for a spatially uniform pre-shock 
toroidal field of strength 0.2/M. Dashed line represents a 
high frequency spectral index break of 6a = 0.5. 
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FIGURE 6.3 
Theoretical synchrotron spectra of the total flux 
density (in arbitrary units) obtained from the Mach 5, 
y = 4/3 plasma flow simulation in the absence of a toroidal 
field cOffilX)nent, (top) and for a spatially uniform pre-shock 
toroidal field of strength 0.2/M. Dashed line represents a 
high frequency spectral index break of 6a = 0. 5. 
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FIGURE 6.4 
Theoretical synchrotron spectra of the total flux 
density (in arbitrary units) obtained from the Mach 5, 
Y = 5/3 plasma fla.-. simulation in the absence of a toroidal 
field component, (top) and for a spatially uniform pre-shock 
toroidal field of strength 0.2/M. Dashed line represents a 
high frequency spectral index break of 6a = 0.5 . · 
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FIGURE 6. 5 
Theoretical synchrotron spectra of the total flux 
density (in arbitrary units) obtained from the Mach 7 , 
y = 4/3 plasma fla.-1 simulation in the absence of a toroidal 
field component, (top) and for a spatially uniform pre- shock 
toroidal field of strength 0 .2/M. Dashed line represents a 
high frequency spectral index break of 6a. = 0. 5. 
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FIGJRE 6.6 
Theoretical synchrotron spectra of the total flux 
dens ity (in arbitrary units) obtained from the Mach 7, 
y = 5/3 plasma flow simulation in the absence of a toroidal 
field component, (top) and for a spatially uniform pre-shcx:;k 
toroidal field of strength 0.2/M. Dashed line represents a 
high frequency spectral index break of 6a = 0.5. 
X 
=:i 
_J 
LL 
l:) 
0 
_J 
X 
=:J 
_J 
6 . 
5 . 
4 . 
LL ') 
CJ 
0 
_J 
2 . 
1. 
165. 
o. -r-, ~.----,,----,-~--,-~-r----.-,~~~-,--~..-------,-,~~~1-r 
-5 . 0 - 4.0 - 3 . 0 - 2. 0 -1.0 0. 0 1.0 
.... ., 
.r~ 
=:i 
_J 
6 . 
5 . 
4 . 
LL 3 . 
CJ 
0 
_J 
2 . 
1. 
0 . 
- C: 0 v , 
LOG FRcOUENCY 
-4.0 -3.0 - 2.0 -1.0 0. 0 1. 0 
OG FRc-UEJ~CY 
166. 
CHAPTER SEVEN 
SURFACE BRIGHTNESS MORPHOLOGY 
7.1 INTRODUCTION 
Very recently, the first observations to reveal 
significant amounts of structure internal to the knots of 
the M-87 jet have been performed. At a wavelength of 2cm 
a map of 0.12 arecsecond resolution has been obtained 
using the V . L.A. (Biretta et al., 1983). In addition, 
1.mage enhancement techniques have allowed a resolution of 
'\.,o. 2 arcseconds to be achieved from optical images. 
(Lorre and Nieto, 1983) 
One of the most dramatic features to be revealed 
by these observations is the existance of a 'shock like ' 
discontinuity in knot A. The surface brightness r1.ses 
steeply on the upstream side of the knot to a ridge 
inclined at an angle of about 73° to the jet axis , and 
then declines gradually . At 2cm the post shock surface 
brightness decreases to half . . max1.mum in '\.0.32 arcseconds, 
but the knot 1.s unresolved along the jet in the optical 
1.mages , indicating that the decay occurs in less than 0 . 2 
arcseconds. It 1.s possible that a similar structure 
occurs in the less well resolved knot D, but the remaining 
knots appear to be relatively featureless . 
In the bow shock model of a jet knot , relativistic 
particles are accelerated to a flat power law distribution 
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at the shock front, and then cool as a result of both 
adiabatic expansion and synchrotron radiation as they 
procede downstream. The rate at which a particle loses 
energy due to synchrotron cooling is porportional to the 
square of its energy, ( equation 4. 3 .1) which implies that 
the high energy particles are cooled most rapidly. 
Consequently, the decline J.n the synchrotron emissivity 
with distance behind the shock front (which is a result of 
al 1 cooling 
increasing 
processes) is expected 
emission frequency. For 
to 
this 
steepen 
reason, 
with 
the 
contraction of the extent of knot A along the jet axis at 
high frequencies, ( as revealed by recent observations) 1.s 
qualitatively consistent with any model involving both 
shock acceleration and synchrotron cooling. 
In order to determine whether the detailed 
structure of knot A may adequately be explained in terms 
of the bow 
distributions 
shock hypothesis, 
are obtained for 
surface brightness 
a number of flow 
simulations, and for a range of emission frequencies and 
line of sight angles. Moreover, by comparing these 
distributions with the observed surface brightness 
morphology of the M-87 jet, it is possible to place further 
restrictions upon the jet parameters Mandy, and to obtain 
a reasonable estimate of the line of sight angle 1. 
In section two of this chapter , the method used to 
calculate the theoretical surface brightness distribution 
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for each model is described . Contour plots of the surface 
brightness are presented for bow shock flow simulations at 
M = 3 and M = 5, for a non-relativistic pla sma, ( y = 5/3) 
and at M = 3, 5 and 7 for a relativist i c plasma ( y = 4/3). 
For each simulation, the effects upon the surface 
brightness of varying both the emission frequency and the 
line of sight angle 1 are investigated, and all rel e vant 
trends are discussed . 
In section three, a detailed comparison J. s made 
between the theoretical surface brightness distributions, 
and the morphological features observed in knot A . It is 
immediately apparent that the structure of knot A is not 
consistent in all respects with a simple axisymmetric 
model , in which the entire flow (0 < ¢ < 2 n ) radiates. In 
this section , however, a plausible physical interpretation 
of the jet/cloud interaction is advanced , in which it is 
necessary to consider the emission from only half the flow 
region ( O < ¢ < TI ) • It is then concluded that the best fit 
to the data is obtained for a relativistic plasma 
(consistent with the conclusion of chapter six which 
employed an analysis of the theoretical spectra ) viewed 
from a line of sight at an angle of '\,45° to the flow 
axis , and that an interstellar cloud impinges upon the jet 
from a northerly direction in the plane of the sky. 
Finally , in section four a quantitative comparison 
is made between the observd break frequency, flux density 
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and size of knot A, and the corresponding v alues of these 
pa r ameters obtained from the best fit theoretical model 
(M = 5, Y = 4/3). On this basis , a set of expres sJ.ons 
relat ing the various physical parameters of the jet J. s 
derived. 
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7.2 THEORETICAL SURFACE BRIGHTNESS DISTRIBUTIONS 
The surface brigh t ness d i str i bution of t h e 
post-shock plasma may be obt a ined b y e valua ting the 
emissivity on a three dimens i onal grid 1n real s p ace, a nd 
then integrating along the 
section, contour plots of 
line of sight. 
the surfa ce 
In t his 
bright ness 
distributions are presented for a number of bow shock f low 
simulations of both relativistic and non-relativistic 
plasmas, and for a range of emission frequencies and line 
of sight angles. No distributions are presented for flow 
simulations in which a toroidal field component is absent, 
' 
however, because polarization observations strongly 
suggest the existance of such a field component J_n the 
case of the M-87 jet. (section 3.1) 
For each flow simulation, the morphology of the 
surface brightness is found to be independent of emission 
frequency 
frequencies 
below 
j_ t 
the spectral 
exhibits th 
break, 
effects 
but 
of 
at higher 
synchrotron 
cooling. (The theoretical spectral break frequencies are 
mostly within the range 0. l < v BR < 0 . 3 , and . . are given in 
table 6 . 1 . ) For this reason, surface brightness contours 
are presented for only two different emission frequencies, 
one well below the spectral break, ( log ( v) = -4. 0) and 
one slightly above it ( log ( v)= -0. 5). The qualitative 
features of these distributions may then be compared 
respectively with high resolution radio (or infrared ) and 
optical observations of the M-87 jet. 
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Surface brightness distributions are also 
presented for line of sight angles l ( measured from the 
upstream flow axis) varying between o0 and 90°. This 
J. S done for each flow s imu la tion , and for emission 
frequencies both above and below the spectral index 
break . Because the magnetic field distribution and the 
hydrodynamic flow structure are each axi symmetric, the 
variation 
necessarily 
of the brightness morphology with l J. s 
symmetric about a value of l = ooO _, I and the 
range 90° < l < 180° need not be investigated . Contour 
plots are therefore presented for line of sight angles of 
30° I and 90° I and these adequately illustrate 
the effects of varying 1. 
The syncrotron emi ss ivi ty of the plasma is 
evaluated (using the method described in section 5.2) on a 
rectangular grid of spacing 0.25 units. Although a 
spatially variable smoothing length ( equation l. 3. 3) with 
= 0.65) is used in each flow simulation, it remains 
larger than the grid spacing at all points within the 
region of integration. This means that the emissivity is 
sufficiently oversampled to avoid large errors resulting 
from the Nyquist effect. 
It is apparent from equation (5.3.9) that the 
relative surface brightness at each point on the plane of 
the sky may be obtained by integrating the emissivity 
along the line of sight. A simple trapezoidal rule 
numerical integration is found to be adequate for this 
172. 
purpose , and l. s employed J.n all surface brightness 
calculations . Finally , a mild Gaussian smoothing (of half 
width o = 0 . 2 ) is applied to each map in order to improve 
the visibility of any low contrast features . 
The surface brightness distributions obtained 
from each flow simulation, and for all combinations of the 
parameter values discussed above, 
7. 1 to 7 . 5 • Since each of 
are presented in figures 
these distributions 1.s 
bisymmetric about the projected flow axis , it is necessary 
to calculate and reproduce the surface brightness from 
only one side of the jet. This has the additional effect 
of halving the computational requirements . 
Figures 7 .1 to 7. 3 depict the surface brightness 
distributions obtained from flow simulations of a relativ-
istic plasma at Mach numbers of 3 , 5 and 7 respectively . 
In al l cases , the surface brightness rises sharply to a 
ridge which follows the line of the shock front projected 
into the plane of the sky , and then decays more gradually 
as the plasma continues downstream. It is evident from a 
comparison of each of these figures that the shape of this 
em1.ss1.on ridge varies significantly with line of sight 
angle 1 , but is essentially independent of the Mach number . 
The most obvious trend 1.n the surface brightness 
morphology 1.s a gradual straightening of the emission 
r idge , and a tendency for it to become more perpendicular 
to the projected flow axJ. s , as 1 decreases . At 1 = 30°, 
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for example , (figures 7. la , 7 . 2a and 7.3a) the emission 
ridge is reasonably straight , and makes an angle of about 
70° with the projected flow axis. As 1 J.ncreases 
towards 90° , however, (figures 7.lc, 7 . 2c and 7 . 3c) the 
emission ridge curves more sharply towards the flow axis, 
becoming quite oblique to it at large radii. 
In all the low frequency surface brightness 
distributions, there J. s evidence of a peculiar area of 
high intensity located near the flow axis. This area 
generally extends a considerable di stance ( several uni ts) 
downstream from the shock front , and J. s never present J. n 
the high frequency surface brightness plots. The emission 
J_n this area originates primarily from a regJ.on of the 
flow in which the toroidal field is strong and the particle 
energy distribution function is highly cooled . (This 
region J.s discussed 1n relation to its effect upon the 
spectral index break 1n section 6 . 4 . ) It J.S the highly 
cooled particle distribution function ( T>> 1) which causes 
the emission from this region to be absent at frequencies 
above the spectral index break . 
An examination of figures 7.1 to 7 . 3 reveals that 
the region of high surface brightness near the axis 
becomes significantly more intense (and slightly more 
extended ) as the Mach number increases . At Mach 7 for 
examp l e, ( figure 7 . 3 ) it is the most intense region of the 
entire surf ace brightness distribution. The reason for 
this 1s that as the Mach number increases, the toroidal 
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field near the axis becomes stronger, (section 3 . 3) and 
the synchrotron emissivity of the regJ.on under 
consideration is consequently enhanced . 
Another factor which influences the morphology of 
this region of high surface brightness is the line of 
sight from which the jet is viewed. At 1 = 30°, for 
example, (figures 7.la, 7.2a and 7.3 a) it is somewhat less 
prominant than (and J.s disconnected from) the ridge of 
emission associated with the shock front. As the line of 
sight is rotated to be more nearly perpendicular to the 
flow axJ. s , (1 = 90°) the relative surface brightness 1.n 
this region increases, and it becomes connected with the 
emission ridge . (figures 7.lc, 7.2c and 7 . 3c) 
All such variations in the surface brightness 
morphology with line of sight angle are generally a result 
of pojection effects , whereby different regions of the 
post-shock plasma are superimposed along the line of 
sight . It 1.s likely that the variation of the angle e 
( between the magnetic field and the line of sight) may 
have a significant effect , however, in regions where the 
toroidal field component isdominant . 
The analysis of the theoretical spectra given in 
chapter s 1.x rejects the possibility of a non-re la tivi stic 
plasma 1.n the case of the M-87 jet. For the sake of 
compl eteness , however, the surface brightness distributions 
obtained from bow shock flow simulations of such a plasma , 
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at Mach numbers of both 3 (figure 7.4) and 5 (figure 7.5) , 
are presented here. The gross morphological features of 
these distributions are very similar to those obtained 
from the flow simulations of a relativistic plasma, but 
there are some differences. 
It is a particular feature of the non-relativistic 
models , for example, that the accelerated particle 
distribution function depends upon the strength of the 
shock front at the point where acceleration takes place 
(section 4.2). Since the shock strength decreases away 
from the axis, the high frequency emissivity behaves in a 
similar manner. This causes a contraction of the emission 
region towards the axis at high frequencies, and 
consequently a large break in the spectral index of the 
total flux density. (section 6.4) These effcts become 
less important as the Mach number increases ( as may be 
seen by comparing figures 7. 4 and 7. 5) because the shock 
strength approaches its theoretical maximum at all points , 
and so varies less markedly across the jet. 
To summarize the foregoing discussion , the 
surface brightness morphology of a post bow shock plasma 
flow depends most critically upon the line of sight from 
wh ich the object is viewed. By comparison, variations in 
the Mach number of the flow and the adiabatic index of the 
plasma are relatively insigificant. 
FIGURE 7.1 
Surface brightness distributions of the synchrotron 
emission obtained from a Mach 3, Y = 4/3 post bow shcx::k 
plasma, projected into the plane of the sky. Distributions 
for both law (log ( v ) = -4. 0) and high (log ( v ) = -0. 5) 
frequency emission are presented, with a contour interval of 
10% peak surface brightness, starting from a level of 10%. 
Scales represent angular separation in units of the angle 
subtended by one flaw scale length r 0 at the distance of the 
source. 
7.la LcYw (top) and high frequency distributions 
0 
from a line of sight angle 1 = 30 • 
7.lb LcYw (top) and high frequency distributions 
0 
from a line of sight angle 1 = 60. 
7.lc Low (top) and high frequency distributions 
0 
from a line of sight angle 1 = 90. 
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FIGURE 7.2 
Surface brightness distributions of the synchrotron 
emission obtained from a Mach 5, Y= 4/3 post tx:Jw shock 
plasma, projected into the plane of the sky. Distributions 
for both lCM (log( v) = -4.0) and high (log( v) = -0.5) 
frequency emission are presented, with a contour interval of 
10% peak surface brightness, starting from a level of 10%. 
Scales represent angular separation in units of the angle 
subtended by one flCM scale length r 0 at the distance of the 
source. 
7.2a Low (top) and high frequency distributions 
from a line of sight angle 1 = 3rf. 
7.2b Low (top) and high frequency distributions 
from a line of sight angle 1 = 60°. 
7.2c Low (top) and high frequency distributions 
from a line of sight angle 1 = 90°. 
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FIGURE 7.3 
Surface brightness distributions of the synchrotron 
emission obtained from a Mach 7, Y = 4/3 post l:xJw shock 
plasma, projected into the plane of the sky. Distributions 
for both la.v (log( v ) = -4.0) and high (log( v) = -0.5) 
frequency emission are presented, with a contour interval of 
10% peak surface brightness, starting from a level of 10%. 
Scales represent angular separation in units of the angle 
subtended by one fla.v scale length r 0 at the distance of the 
source. 
7.3a I.iJw (top) and high frequency distributions 
0 
from a line of sight angle 1 = 30. 
7.3b I.iJw (top) and high frequency distributions 
from a line of sight angle 1 = 60 °. 
7.3c I.iJw (top) and high frequency distributions 
from a line of sight angle 1 = 90 °. 
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FIGURE 7.4 
Surface brightness distributions of the synchrotron 
emission obtained from a Mach 3, y = 5/3 post bow shock 
plasma, projected into the plane of the sky. Distributions 
for both law (log( V ) = -4.0) and high (log( V) = -0.5) 
frequency emission are presented, with a contour interval of 
10% peak surface brightness, starting from a level of 10%. 
Scales represent angular separation in units of the angle 
subtended by one flaw scale length r at the distance of the 
0 
source. 
7.4a I.AM (top) and high frequency distributions 
0 from a line of sight angle 1 = 30. 
7.4b I.AM (top) and high frequency distributions 
0 from a line of sight angle 1 = 60 • 
7.4c I.AM (top) and high frequency distributions 
from a line of sight angle 1 = 90°. 
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FIGURE 7. 5 
Surface brightness distributions of the synchrotron 
emission obtained from a Mach 5, Y = 5/3 post bow shock 
plasma, projected into the plane of the sky. Distributions 
for ooth lan1 (log ( v) =· -4. 0) and high (log ( v) = -0. 5) 
frequency emission are presented, with a contour interval of 
10% peak surface brightness, starting from a level of 10%. 
Scales represent angular separation in units of the angle 
subtended by one flaw scale length r at the distance of the 
0 
source. 
7.5a 1D.v (top) and high frequency distributions 
from a line of sight 0 angle 1 = 30. 
7.5b 1D.v (top) and high frequency distributions 
from a line of sight angle 1 = 60°. 
7 .Sc 1D.v (top) and high frequency distributions 
from a line of sight angle 1 = 9cf • 
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7.3 PHYSICAL INTERPRETATION OF THE SURFACE BRIGHTNESS 
MORPHOLOGY OF THE M-87 JET 
All the theoretical surface brightness 
distributions presented J. n figures 7.1 to 7.5 are 
bisymmetric about 
direct consequence 
the hydrodynamic 
con£ iguration. In 
the projected 
of the axial 
plasma flow 
this section, 
flow axis. This is a 
symmetry inherent in both 
and the magnetic field 
the models are compared 
directly with the most recent high resolution observations 
of the M-87 jet, and a reasonable hypothesis concerning 
the nature of knot A is proposed. 
At present, the only jet knot for which the 
presence of a shock wave is strongly 
observations is knot A in the M-8 7 jet. 
suggested by the 
(Biretta et al ., 
1983; 
0 .12" 
Lorre and Nieto, 
radio observations 
1983) It l.S 
(figure 7. 6) 
apparent 
that this 
from the 
structure 
is not bi symmetric about the projected flow ax 1. s. 
Therefore, in order to obtain a close correspondence 
between the theoretical models and the observed morphology 
of knot A, it 1.s clearly necessary to make certain 
alterations to the simple model in which a small cloud is 
totally embedded within the jet. 
As mentioned in chapter two, a jet 1.s disrupted 
by a central obstruction with a radius larger than about 
half the radius of the jet. Consequently, unless the 
obstruction is both small and centrally located within the 
FIGURE 7.6 
Contours of 2cm. radio surface brightness of the M-87 
jet obtained with the V.L.A. (Biretta et. al., 1983). 
This map has been cleaned, using a restoring beam of 
0.12" X 0.12". 
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jet , disruption is likely to occur over some range of 
azimuth angles . A more realistic may be 
envisaged , however, in which an 
situation 
interstellar cloud 
(possibly large compared with the jet radius) impedes the 
flow only near one point (at azimuth angle 
,1, ) on the 
'Yo 
boundary of the jet. A bow shock would then be expected 
to extend inwards across the jet . Provided only that the 
point of obstruction does not lie along the line of sight 
intersecting the jet axis, ( ¢
0 
= + rr/2) the resulting 
brightness distribution should not exhibit bisymmetry . 
In fact , both the radio and optical observations 
suggest that an obstruction may lie near the northern edge 
of the jet . (This is consistent with the findings of Ford 
and Butcher , ( 1979) who report spectroscopic evidence for 
a large and dense galactic HII region located slightly 
Northward of the jet in the plane of the sky.) In this 
case , the brightness distribution may be obtained by 
restricting the emission region to one 
( 0 <¢<rr ) of the full axisymmetric model . 
symmetric half 
This is hence-
forth referred to as the ' half-symmetric ' model . 
The essential morphological features of knot A 
which must be reproduced by any theoretical model are : 
i ) the ridge of emission at an angle of 73° 
to the jet axis, 
ii ) the relatively steep brightness gradient on 
the upstream side of this ridge , 
194. 
iii) the decreasing axial extent of the post-
shock surface brightness as emission 
frequency increases, and 
iv) a surface brightness peak located a small 
distance behind the most upstream part of 
the emission ridge. 
The theoretical spectra (ch apte r six) and surface 
brightness distributions (section 7.2) presented earlier 
apply directly to the half-symmetric model for which the 
jet obstruction occurs 1n the plane of the sky. (ie . at an 
azimuth angle of <P = O or TI ) 
0 Although the observation s 
suggest the presence of such an obstruction in the case of 
the M-87 jet , it is worth cons idering the possible effects 
of varying the angle <P • 
0 
For a line of sight angle l = 90° I it is clear 
brightness that as approaches _:: TI/ 2 the surface 
distribution simply merges into a bi symmetric form 
identical to that presented in the previous section, but 
with half the intensity of a full axisymmetric flow. If 
1 < 90° I however , a given line of sight does not pass 
through a region of palsma on the far side of the jet 
which 1.s similar to that through which it passes on the 
near side . Consequently, restriction of the emission 
region to O <¢<n leads to bi symmetric surface brightness 
distributions which differ from those presented in the 
previou s section . 
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Since the theoretical spectra of the integrated 
flux density do not vary appreciably with line of sight 
angle , it J. S logical to assume that they are also 
reasonably independent of the obstruction azimuth angle 
cp • 
0 All the conclusions of chapter six therefore 
remain valid for the case of the half-symmetric model. 
Some varition in the surf a ce brightness distributions J. s 
expected, however, especially for small line of sight 
angles . In the remainder of this section , discussion is 
restricted to the case = 0, as is the likely 
situation in the M-87 jet. All the theoretical spectra 
and surface brightness distributions previously presented 
are entirely consistent with this model. 
It is clear from the non-relativistic models 
(figures 7.4 and 7.5) that the lateral extent of the 
emission region decreases at frequencies above the 
spectral index break. (This 1s the major reason why a 
relatively large spectral break is obtained from these 
models.) No such contraction is evident , however, when 
comparing the high resolution radio and optical 
observations of knot A, Therefore, if the southern edge 
of this knot is defined by the structure of the shock 
front, (rather than the edge of the plasma flow) then the 
non-relativistic models do not adequately reproduce the 
observed surface brightness morphology . This supports the 
conclusion , reached in section 6, 4 , that the pressure in 
the jet is dominated by relativistic particles . 
1 96 . 
As mentioned in the previous section, the surface 
brightness distributions obtained from the relativistic 
flow simulations vary s j gn if icantly wi th line of sight 
angle , but only weakly with Mach number. An analysis of 
these distributions may 
restrictions only upon the 
jet is viewed . 
therefore be 
line of sight 
used to place 
from which the 
The closest correspondence between theoretical 
and observed morphologies is obtained for a line of sight 
angle near 45° . For l ~ 60°, (figures 7.lb/c, 7.2b/c 
and 7. 3b/c) the emission ridge is too oblique to the flow 
axJ. s, and too sharply curved, and for l ~ 30° (figures 
7.la, 7.2a and 7.3a) the distributions rapidly become 
circularly symmetric. Only for line 
the range 30° i l {60°, do the 
of sight 
surface 
angles in 
brightness 
distributions posess all the well observed features of 
knot A in the M-87 jet. A straight emission ridge rises 
sharply to make an angle of r.,, 70° with the flow axis, and 
the post-shock surface brightness then decays gradually. 
Further, there is a significant intensity peak, located 
near the axis and slightly downstream from the emission 
ridge, J. n all the low frequency distributions. This peak 
merges with the emission ridge at a line of sight angle 
between 30° and 60°. 
In conclusion then, the best fit to the observa-
tional data, both spectroscopic and morphological, is 
197. 
obtained for the case of a relativistic plasma flowing 
wi th a Mach number M ~ 3. An obstruction intrudes from an 
azimuth angle <I> "vO Q I and the jet is then viewed from a 
l i ne o f sight at an angle of between 30° and 60° to 
the flow axis . 
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7. 4 PHYSICAL PARAMETERS OF THE JET 
Th e re are three observable characteristics of 
knot A J_n the M-87 jet which may be compared with the 
corresponding values obtained from the th eoretical 
models. They are the spectral index break frequ e ncy, the 
integrated flux density and the angular size of the knot . 
By using the observations of these quantities to evalua te 
the normalization factors used for frequency, flux density 
and distance (section 5 . 3) it is possible to derive a set 
of relations between the van_ous physical parameters of 
the M-87 jet . 
As stated 1.n the prev1.ous section, the closest 
fit to the observational data J.s o b ta i ned for a Y = 4/3 
jet with M .:t, 3, viewed from a line of sight at about 45° 
to the flow ax1.s. In the following analysis, the values 
of spectral index break frequency, flux density and s1.ze 
obtained from a half-symmetric Mach 5 model at 1 = 
are employed . 
The spectral index break in the M = 5 relat i v i stic 
model occurs at a normalized frequency = 0.13, 
(table 6.1) and the observed break frequency for knot A is 
X (Smith et al. , 1983). 
normali~ation factor is therefore given by: 
15 
= 3.8 X 10 Hz 
The f requency 
(7.4.1) 
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Substitut ion into equation 
the relation: 
(5.3.3) for v then yields 
0 
B3 t 2 = 6 . 6 X 108 0 0 
V -1 ( BR ) 
5xlo14 
(7.4.2) 
A similar procedure may be applied in the case of 
the integrated flux density . The theoretical model under 
consideration yields a value of (SvBR ) = 1.24 x 102 
(S V)o. This result l. s compared with the observed flux 
density at V = V of 1\.,1,0 10-26 -1 -1 BR X erg sec Hz 
(Smith et al. , 1983) to deduce a value of ( S V) O = 8.06 X 
10-29 -1 -1 Substitut ion of equation erg sec Hz . 
(5.3.7) for ( EV} O into equation (5.3. 10 ) for ( s v> 0 
then yields a further relation : 
It is also possible to compare the observed size 
of knot A with the theoretica l surface brightness 
distance distribution to obtain a value of the 
normalization factor r . 
0 Inevi tably, there is a certain 
amount of ambiguity here as to how the jet knot is related 
to the theoretical model , (s ection 7.3) but in the most 
reasonable comparison , r '\,Sr . 
0 
The observed angular 
diameter of the knot transverse to the jet is about one 
arcsecond , (Biretta et al. , 1983 ) which equates to a 
linear size of 4.85 x 10-60. Hence : 
r 0 I\, 9.7xl0-
7 D (7. 4 . 4) 
Subs ti tut ion of this expression 
relation (7.4.3) now yields: 
(2r-l) (r-1) (2-r) (r-1) D 
B p n t = 
o O O 0 
for r into the 
0 
16 9.06xl0 (7. 4 .5) 
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The relations (7.4.4) and (7.4.5) contain all the 
information available from relating the three observed 
parameters \) 
BR' and r for knot A with the 
corresponding theoretical values obtained for a relativ-
istic plasma impinging upon an obstruction at Mach 5. 
Although there are not sufficient constraints in 
order to solve for each quantity separately, it J. S 
possible to obtain values of the pre-shock sound speed 
C 
s 
0 
and plasma density p 
0 in terms of fiducial 
values for the pre-shock magnetic field strength B 
0 
and 
plasma pressure Po· Reasonable estimates 
parameters are B '\, o.s X 10-4 g and Po '\, 1. 0 X 0 
-2 dyn cm (eg. Hardee, 1982). The relation 
yields a value for the flow timescale t of: 
0 
B -3/2 V -1/2 
to= 7.3xl010 ( O -5) ( BR14) sec . 
5xl0 5xl0 
for these 
10-9 
(7.4.2) then 
(7.4.6) 
This implies a sound speed in the pre-shock plasma of: 
3/2 
8 BO 
= 6. 2xl0 ( _5) 5xl0 
\! 1/ 2 
(. BR ) r D , 14 tl5Mpc 1 5xl0 
-1 
cm.sec. 
(7.4.7) 
and a pre-shock plasma density of: 
-27 P0=3.SxlO ( Po ' ( Bo ) ---_=91 -5 
lxlO SxlO 
which corresponds to about 2 
centimetre. 
-3 -1 
\) 
( BR ) 
Sx1014 
-2 (_D_) 
15Mpc 
-3 gm.cm 
(7.4.8) 
X 10-3 particles per cubic 
Finally , a rough estimate of the pre-shock number 
density of relativistic electrons of -15 -3 n '\J 3xl O cm 
0 
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is readily obtained from relation ( 7. 4. 5) . The accuracy 
of this value J. s poor, however, because it depends very 
strongly upon the fiducial values used for the pre-shock 
magnetic field strength and pressure . 
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CHAPTER EIGHT 
THE POLARIZATION MORPHOLOGY 
8 . 1 INTRODUCTION 
Observations of the linear polarization strength 
and pos ition angle J.n the synchrotron emission from 
extragalactic jets can reveal elements of their internal 
structure which are otherwise inaccessible. Multi-
frequency polarimetry is often used to determine rotation 
measures along the line of sight, and hence the projected 
magnetic 
obtained . 
field configurations within jets 
appear 
may 
to 
be 
be These field configurations 
intimately related to such di verse jet characterist ics as 
the core luminosity, and the presence or absence of a 
counter j e t. (Bridle , 1982) 
Typical polarization strengths of 10% to 40% are 
observed in radio jets at centimetre wavelengths , although 
values as high as 60% are not unknown (Willis et al., 
1 9 81 ) • In addition , the projected magnetic field (which 
is perpendicular to the projected electric vectors) is 
found to lie predominantly parallel to the jet axj_s near 
the radio core , but generally becomes perpendicular to i t 
at larger distances from the nucleus . This behaviour J. s 
consistent with a magnetic flux conserving jet expansion, 
J.n which s11a: l/a
2 
and 
radius . Jets in which 
B a: 1/a , where a J. s the jet 
..L 
the magnetic field component 
paral l el to the axis dominates over much of their length 
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tend to have high core luminosities, and very weak (or 
absent) counterjets . (Bridle, 1982) 
The jet J.n M-87 J.s an example of one J.n which a 
parallel magnetic field J.s predominant . Only at two 
points along this jet does the perpendicular projected 
field component become important , once at knot A and once 
agaJ.n at knot C. Polarization observations at radio (Owen 
et al., 1980) and optica l (Visvanathan and Pickles, 1981) 
frequencies each reveal this behaviour . The purpose of 
this chapter J.S to describe calculations of the 
theoretical polarization properties of the synchrotron 
emi ss 10n from a post bow shock plasma , and to use the 
results of these calculations to assist J.n the 
interpretation of the peculiar polarization structures 
observed in the M-87 jet. 
The magnetic field configurations obtained from 
each of the plasma flow simulations (chapter two) are 
presented in chapter three (figures 3.2 to 3.5). In every 
case it is apparent that a small pre-shock toroidal field 
component becomes significant compared with the poloida 1 
field , J.n certain regions of the post-shock flow. This 
effect J.s most pronounced immediately upstream from the 
cylinder, for the following reasons: 
i ) The toroidal field , being everywhere 
transverse to the shock front , 1s invariably 
amplified (upon crossing the shock) by a 
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factor of the shock strengths (see junction 
condition 3. 2 .1 7). This effect J.s most 
pronounced near the axis where the shock 
strength is greatest. It J.S further 
enhanced by increasing the flow Mach number, 
or by decreasing the adiabatic index of the 
plasma (section 2.5). 
ii) The poloidal field component J.s markedly 
reduced in the post-shock region immediately 
upstream from the cylinder. The reasons for 
this are twofold: 
a ) no poloidal field amplification occurs 
as the plasma passes through a shock 
perpendicular to the incident 
streamlines because the 
( and hence the po loida 1 
quantity Pv 
field given by 
equation 3.2.11) is continuous, and 
b) the fixed surface boundary condition 
imposed upon the plasma velocity at the 
leading end of the cylinder (section 
2. 3 ) causes a stagnation region to 
form, in which the poloidal field is 
small . 
The combined result of these inf luences J. s that the ratio 
of the toroidal to poloidal field strengths J.s increased 
by a maximum factor of 1\.,15 from its pre-shock value in the 
case of a relativistic plasma flowing at Mach 5 ( section 
3. 3) • 
A 
toroidal 
l arge 
field 
1ncrease 
component , 
1n the importance 
resulting from 
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of the 
bow-shock 
compression , may account fo r the pr esence of localized 
reg J.ons of perpendicular projected magnetic field 1n the 
M-87 jet . This field may be further enha nced as a result 
of the increased radial component of bulk velocity (at the 
expense of the axial velocity component) as the plasma 
f l ows around the obstruction ' s leading end. Each of the 
processes described above contr ibute to the formation of a 
reg1on 1n which the projected magnetic field component 
perpendicular to the ax1s dominate s the parallel field 
component, despite the fact that it i s relatively small in 
the pre-shock region. 
In section two of this chapter, the method used 
for calculating distributions on the s k y of strength and 
position angle for the linearly polarized synchrotron 
emission from the post-shock plasma is described. The 
effects of varying line of sight angle and emission 
frequency are investigated using this treatment . 
rotation of the polarization position angle 
Faraday 
is not 
inc l uded, however, because mu 1 ti - frequency observations of 
the depolarization in the M-87 jet indicate that such 
rotation becomes important only a t low r a dio fr equencies 
( Hardee , 1982 ). 
Final l y, in section three the results of these 
calculations for two bow shock flow simulations (M = 5 and 
M = 7) of a rela ti vi stic plasma are presented in the form 
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of polarizatio n vectors , superimposed upon contour plots 
of the total surface brightness distributions . Results 
obtained at various line of sight a ng les and emission 
frequencies are compared with the observed radio and 
optical polarization structures near knot A J_n the M- 8 7 
j et . The implications of these comparisons for the 
physica l parameters of the jet are then discussed . 
8.2 CALCULATION OF 
POSITION ANGLE 
20 7. 
THE POLARIZATION STRENGTH AND 
Any polarization state may be fully sepcified 1n 
terms of the four Stokes parameters designated I, Q, U and 
V. The parameter V relates specifically to eliptical 
polarization, which J.s insignificant if the particle 
distribution function does not vary sharply within the 
small angle around the em1ss1on direction. 
(Pacholczyk, 1970, Ch.III) In all the work presented 
here, an isotropic distribution function 1s assumed, 
( section 4. 3) and so the parameter V is not included in 
the following treatment. 
Neglecting the effects of synchrotron self 
absorption and Faraday rotation, the Stokes parameters I , 
V 
Ov and Uv at a frequency v are defined by the equations : 
(Packolczyk, 1970, Ch.III) 
dIV 00 
dl = c1 B SJ.n e f N (E) F(x) dE (8.2.1) 
0 
dQ 00 V c1 B SJ.n e cos ( 2 X) /N(E)G(x) dE = dl 0 (8.2.2) 
au (X) V 
= C B SJ.n e SJ.n ( 2 x ) j N(E)G(x) dE dl 1 0 (8.2.3) 
where x is the angle between an arbitrary fixed direction 
and the major ax1s of the polarization elipse*, each 
projected into the plane of the sky. 
defined by: 
The function G( x) 1s 
* The major axis of the polarization elipse defines the 
direction , in the plane of the sky, which is 
perpendicular to the projected magnetic field. 
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G(x) = xK 2 / 3 (x) (8.2.4) 
and the meanings of all other symbols are gJ_ven in section 
5 .1. 
Noting the similarity of expressions ( 8. 2 .1) to 
(8.2.3) for the derivatives of the Stokes parameters with 
equation ( 5. l. l) for the total emission coefficient, the 
procedure described in section 5.2 is readily adpated for 
their evaluation. The only alterations which need to be 
made to this procedure are the inclusion of the dependence 
on the angle X , and the replacement of the function F ( x) 
with G ( x) in equations 
dUv/dl respectively. 
(8.2.2) and (8.2.3) for dQ /dl and 
V 
The evaluation of the function G( x) is achieved 
by expressing the Bessel function in its 
integral form, (Abramowitz and Stegun, 1964, Pg. 376) and 
then substituting into equation (8.2.4) for G(x): 
G(x) = x J00 e-x cosh (t) cosh ( 21) dt 
0 
(8.2.5) 
As in the case of equation (5.2.2) for F(x), the integral 
over t is evaluated numerically , and a corresponding 
look-up table for G(x) is produced. 
For the evaluation of dQ /dl 
V 
and au /a 1, 
V 
(equations 8.2.2 and 8.2.3) the fixed direction from which 
the angle x is measured is chosen to be the di re ct ion 
perpendicular the jet axis projected into the plane of the 
sky . In order to calculate X directly, the magnetic field 
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(as defined by equations 3.2.11 and 3.2 . 12) is converted 
from cylindrical to cartesian coordinates according to the 
transformation: 
B = B cos ¢ B sin ¢ (8.2.6) X r ¢ 
B = B sin ¢ + B cos ¢ (8.2.7) y r ¢ 
B = B (8.2.8) z z 
and subsequently projected into the plane of the sky 
( dashed coordinates) by : 
B = B sin 1 + B cos 1 (8.2.9) X X z 
B = B (8.2.10) y y 
B = B sin 1 - B cos 1 (8.2.11) z z X 
where 1 is the angle between the line of sight and the 
upstream flow axis. 
from the expression : 
The angle x is then readily obtained 
the 
X 
-1 ' ' 
= tan (B /B ) y z (8.2.12) 
It is now possible to evaluate the derivatives of 
Stokes parameters, USJ.ng expressions (8.2.1) to 
(8.2.3), at any point within the post-shock plasma . As J.n 
the case of the total emission coefficient, ( section 7. 2) 
these quantities are evaluated at the points of a 
rectangular grid, of grid separation 0.25 units. They are 
then integrated along the line of sight in order to obtain 
the distribution J.n the plane of the sky of the Stokes 
parameters I , Q and U . Once again, a simple trapezoidal 
V V V 
rule numerical integration is found to be adequate for 
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this purpose, and a grid separation of 0 . 25 units J.s 
sufficiently smal 1 to a void errors res u 1 ting from under-
sampling . 
Polarization observations of extended sources are 
generally presented J.n the form of polarizatioan vectors 
(depicting the strength and position angle of the linear 
polarization at any point of the source) superimposed upon 
a contour plot 
The 
of the total surface brightness 
distribution. theoretical surface brightness l. s 
naturally obtained from the Stokes parameter Iv , (using 
the procedure described in section 7 • 2 ) and the 
polarization stre ngth TI and position angle ~ are def i ned 
V V 
by the express1.ons: 
(Q2 + U2) 
n V V (8 . 2 . 13) = V Iv 
tan ( 2 ~) = Uv/Ov (8.2.14 ) 
I t J. s clear from these equations that the polarization 
strength and position angle are independent of the choice 
of the fixed direction from which the angle Xis measured . 
The polarization strength of the synchrotron 
radiation from a single plasma element , containing a mono-
energetic particle distribution function , is clearly g1.ven 
by : 
nv = G( x ) /F ( x ) ( x=v/ v ) 
C (8.2 . 15) 
and this function varies between the values O . 5 ( v <<U ) 
C 
and 1.0 ( v >> vc ) ( Pacholczyk , 19 70 , Ch . III ). Polarization 
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di str ibu tions obtained from bow shock flow simulations, 
however , represent the integrated radiation field from all 
plasma elements lying along individual lines of sight 
through the source. The particle energy distribution 
function is not mono-energetic , and in general varies 
substantially along any given line of sight. In addition, 
rotation of the angle X (as a consequence of variations in 
the local magnetic field direction) is likely to result in 
significant depolarization of the emitted radiation . This 
means that equation (8 . 2 . 15) provides only a rough upper 
limit to the possible values of the polarization strength 
at any given frequency . 
8.3 COMPARISON WITH OBSERVATIONS 
It is J.n this section that the results of 
cal cu la tions of the strength and position angle of the 
polarization vectors ( as described J.n the previous 
section) are presented . A detailed comparison is made 
between these results and the polarization structure near 
knot A J.n the M-87 jet, and plausible physical interpre-
tat ions of the observations are advanced. Throughout the 
discussion, the half-symmetric bow shock model is assumed. 
Theoretical polarization distributions for the 
synchrotron emission from the post-shock region of the 
M = 5 and M = 7 simulations of a relativistic plasma 
encountering an obstruction are presented in figures 8 .1 
and 8. 2. (Each of these models are consistent with the 
spectral and morphological observations of knot A, as 
discussed in chapters six and seven.) Distributions are 
given for a range of line of sight angles ( 1 = 30° t 
45°' 60°, and 90°) and emission frequencies (log( v) = 
-4.0 and log ( V) = -0.5). The calculations for 1 = 45° 
are included here because of the conclusion , on the basis 
of a comparison with the observed morphological structure, 
( section 7 . 3) that 30° < 1 < 60° for the jet in M-87. 
'\, '\, 
In figure 8 .1 and 8. 2, the electric vectors are 
superimposed upon contour plots of the surface brightness 
order to facilitate comparison with published 
polarization observations of the M-87 jet at both radio 
and optical frequencies. At low frequencies, there J.s 
general tendency (at all line of sight angles) for the 
electric vectors to be oriented parallel to the jet axis 
J.n the 
strongest 
emission peak 
part of the 
located 
shock 
immediately behind the 
front . This behaviour 
indicates the existence of a predominantly perpendicular 
magnetic field, and is consistent with the discussion of 
the likely field configuration in section 8.1. In 
addition, as the plasma continues to flow downstream from 
the shock front, the electric vectors graduallay regain 
their natural state of being perpendicular to the jet axis. 
This is to be expected as the perpendicular component of 
the projected magnetic field once again becomes small 
compared with the axial component (s ection 3.3). 
In chapter seven it is concluded that the 
observed morphology of knot A in the M-87 
inconsistent with line of sight angles 1 > 60°. 
'\, 
jet J. S 
This 
result is confirmed here by comparing the high and low 
frequency polarization structures at both 1 = 
( figures 8.lc and 8.2c) and l = 90° (figures 8.ld and 
8 . 2d ) • In each of these figures, the low frequency 
distributions reveal a region of high surface brightness 
extending downstream from the shock front near the axis , 
and the polarization of this emission indicates a 
predominantly perpendicular projected magnetic field. 
Above the spectral break , however , this emission is not 
present, (because of the effects of rapid synchrotron 
cooling in the strong post-shock magnetic field) and the 
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polarization structure contains no evidence for a dominant 
component of projected magnetic field perpendicular to the 
axis . The optical observations of Visvana than and Pickles 
(1981) strongly indicate the presence of such a field 
component at knots A and C J.n the M-87 jet, in direct 
contradiction with the theoretical prediction of the bow 
shock model for 1 = 60° and 1 = 90°. 
When the line of sight is closer to the direction 
of 
1 
jet flow, the situation 
= 45°, for example, 
is significantly improved . 
(figures 8.lb and 8.2b) 
At 
the 
polarization distributions indicate the presence of a 
strong perpendicular field component, even at frequencies 
well above the spectral index break. The electric vectors 
then gradually rotate as the plasma flows downstream , and 
the magnetic field once agaLn becomes parallel to the 
axJ. s. This rotation occurs over a distance of "' 2 units, 
which translates to about 0.4" on the plane of the sky, 
(assuming a distance to M-87 of 15Mpc) and should therefore 
be easily resolved in the near future. 
Another obvious 
polarization distributions 
feature of the theoretical 
at 1 = 45° is the presence of 
a distinct ridge of emission ( reaching maximum intensity 
well away from the axis ) for which the electric vectors 
indicate a projected magnetic field wh ich is mainly 
parallel to the flow axJ. s. This emission originates from 
behind a relatively oblique regJ.on of the shock front , 
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where the poloidal field is strongly amplified , and the 
toroidal field compon e nt c onseq uently rema ins 
insignificant (section 3.3). 
At l = (figures 8.la and 8.2a) the 
corresponding feature is significantly d i fferent . In this 
case, the emi ss J.on ridge J. s most intense near t he axis, 
and has a smaller radial extent than at l = 45°. In 
addition , the electric vectors indicate a projected 
magnetic field which J. s essentially perpendicular to the 
flow axis, consistent with the large increase in relative 
field strength behind a perpendicular shock toroidal 
front. Observations capable of resolving the polarization 
structure within the emission ridge at knot A should soon 
be available, (Biretta, J ., priv . comm.) and these may 
allow more stringent restrictions to be placed upon the 
line of sxight angle l of the M-87 jet. 
Some further information may be deduced from the 
relative strengths of the linear polarization at various 
points of the source. For example, it is apparent at all 
line of sight angles except l = 90°, that the 
theoretical polarization strength 1s reduced 1n regions 
where the dominant projected magnetic field component J. s 
perpendicular to the flow axis. In general, a reduction 
by a factor of about two (from the typical value of ~0 .75 
over much of the source ) J. s obtained. At small line of 
sight angles , however, (f igures 8 . la and 8 . 2a) there J.S 
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significant fine structure, and the polarization strength 
approaches zero at some points. 
A probable explanation for this effect J.s that 
the major contribution to the magnetic field in these 
regions is made by the toroidal component, and that 
consequently the local field direction varies markedly 
along the line of sight. (Such field rotation clearly 
does not occur when 1 '\, 90°. A field reversal does 
occur, but has no effect upon the polarization 
distributions.) This leads to a variation of the angle x 
along the line of sight, ( section 8. 2) and therefore to a 
decrease in the theoretical polarization strength. 
In areas where there is little variation of · the 
magnetic field direction along the line of sight, 
polarization strengths fall approximately within the range 
O.S <TI <1 .0, 
V 
as required by equation (8.2.15). In 
particular, this is found to be the case near the edge of 
the source (where its depth is small) and well downstream 
from the shock front (where the axial field component 
dominates all along the line of sight). These effects are 
independent of the model parameters Mand 1. 
As mentioned in section 8 . 1, observed 
polarization strengths in radio jets are rarely greater 
than 50% and this J. s the case for the jet in M-87. The 
optical observations of Visvanathan and Pickles ( 1981), 
however, reveal an increase in polarization strength as 
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the spatial resolution J.s improved , approaching values as 
large as 30% to 40% at a resolution of l ". This J.S 
indicative of the existance of small sca le structure J.n 
the polarization distribution , such as J. s found J.n the 
1 = 30° and 1 = distributions presented here . In 
addition , the presence of turbulence J.n the plasma flows 
(not treated in this work) would result J.n a tangling of 
the magnetic field structure , and consequently a reduction 
J.n the observed polarization strength. Only at very low 
radio frequencies J.s it possible that internal Faraday 
rotation may have a similar effect. 
In conclusion, an analysis of the polarization 
distributions of the synchrotron eml. ssJ.on from post bow 
shock plasma flows (M = 5 and 7 ; y = 4/3) reveals a close 
correspondence with the observed polarization structure 
near knot A J.n the M- 87 jet . In particular , the sudden 
9 0° shift J.n the position angle of the polarization 
vectors J.s accurately reproduced . This shift is caused by 
a dominant toroidal field component J.n the post- shock flow 
near the axJ.s . It J.S present J.n both high and low 
f r equency distributions only for line of sight angles 
1 < 45° 
'\, I and so J.S at least partially a result of 
projection effects . Higher reso l ution observations should 
resolve this rotation of position angle at a scale length 
of about 0 . 4 ". 
FIQJRE 8.1 
Polarization distributions of the synchrotron emission 
obtained from a Mach 5, y = 4/3 post l::x:)w shock plasma, 
projected into the plane of the sky. Vectors represent 
polarization strength and electric vector position angle 
(reference bar indicates a strength of 1.0) and contours are 
of the total surface brightness. Distributions for both low 
(log ( V ) = -4. 0) a,1d high . (log( V ) = -0.5) frequency 
emission are presented, with contour interval of 15% peak 
surface brightness, starting from a level of 5%. Scales 
represent angular separation in units of the angle subtended 
by one flow scale length r at the distance of the source. 
0 
8.la I.nil (top) and high frequency distributions 
fran a line of sight angle 1 = 30°. 
8.lb Low (top) and high frequency distributions 
from a line of sight 0 angle 1 = 45. 
8.lc Low (top) and high frequency distributions 
from a line of sight angle 1 = 60°. 
8.ld Low (top) and high frequency distributions 
0 
from a line of sight angle 1 = 90. 
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FIGURE 8.2 
Polarization distributions of the synchrotron emission 
obtained from a Mach 7, y = 4/3 post tow shock plasma, 
projected into the plane of the sky. Vectors represent 
polarization strength and electric vector position angle 
(reference bar indicates a strength of 1.0) and contours are 
of the total surface brightness. Distributions for both low 
( leg ( V ) = -4. 0) and high ( leg ( V ) = -0 , 5) frequency 
emission are presented, with contour interval of 15% peak 
surface brightness, starting from a level of 5%. Scales 
represent angular separation in units of the angle subtended 
by one flow scale length r at the distance of the source . 
0 
8.2a J.J::M (top) and high frequency distributions 
0 
from a line of sight angle 1 = 30. 
8.2b J.J::M (top) and high frequency distributions 
0 
from a line of sight angle 1 = 45 • 
8. 2c J.J::M (top) and high frequency distributions 
0 
from a line of sight angle 1 = 60. 
8.2d 11::M (top) and high frequency distributions 
0 
from a line of sight angle 1 = 90. 
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CONCLUSIONS 
In this thesis , the supe r sonic f l ow of a pl a sma 
an obstruction has be e n investiga t e d fo r a r a nge 
Mach numbers , a nd for pla sma s in which the 
pressure is p rovid e d either by relativistic y = 4/3) or 
non - re l ativistic ( Y = 5/3 ) particles . For this purpose, 
the technique of Smoothed Particle Hy d rod ynamics (S . P . H. ) 
(Gingold and Monaghan , 1982 ) h a s been r e formulat ed in 
order to simulate flows with axial symmetry . It was found 
that the deta il e d structure of t he b ow shock and the post -
shock flow f ield could be investigated using t his 
technique . 
In order to assess the relevance of the ' bow 
shock ' model ( Blandford and Konigl , 19 7 9 ) for the 
formation o f knots in galactic jets , it was necessary to 
investigate the properties of the synchrotron emission 
from the post bow shock region of the simulated flows . 
This required knowledge of the strength and direction of 
the magnetic field , and of the electron ene rgy 
d i stribution function , at e ach point within the plasma . 
A physically reasonable magnetic field configur-
ation was adopted . It was obtained by solving the 
magnetohydrodynamic equations in the weak field , ' frozen 
i n' approximat i on , and inc l uded both a poloidal field and 
a toroida l field component . This treatment admitted the 
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presence of sudden field reversals, but these were shown 
to have no effect upon the properties of the synchrotron 
emission. 
Shock acceleration of the relativistic electrons 
required for 
separate ways. 
the results 
generalized 
synchrotron emission was treated in two 
In the case of a non-relativistic plasma , 
of Blandford 
order to 
and 
obtain 
Ostriker (1978) were 
the electron energy 
distribution function behind an oblique shock front . For 
a relativistic plasma, however , an alternative treatment 
of shock acceleration , which assumed the accelerated 
distribution function to be a power law of constant index, 
was employed . Although the possible dependence of this 
index upon shock strength was neglected, it was argued 
that this dependence had only minor importance in the 
context of the M-87 jet. 
Subsequently, the evolution equation for the 
electron distribution function was solved , in the presence 
of synchrotron ( and inverse Compton ) cooling, to permit 
evaluation of the synchrotron emissivity at any point in 
the post bow shock plasma. Integration of each polarized 
emissivity component along the line of sight through the 
plasma then yielded the spatial distributions of surface 
brightness, polarization strength and polarization 
position angle , and integration of the unpolarized 
emissivi ty over volume gave the total flux density . Each 
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of these features of the bow shock model were compared in 
detail with the best available observations of the knot A 
complex in the M-87 jet . 
Perhaps the most significant finding was that a 
large spectral index break ( 6a ?1.0) occurred in the 
spectrum of the integrated flux density emitted from the 
plasma . Spectral index breaks of this size have been 
observed in the M- 8 7 jet , as well as the jet in NGC 7385 , 
( Simkin et al . , in press) but have not 
previous theoretical models 
al . , 1983) • 
(Kardashev, 
been predicted by 
1962; Smith et 
In the bow shock model, the steep gradient in the 
post-shock magnetic field was found to be the fun dame ntal 
cause of a large spectral index break . This field 
preferentially cooled high energy particles in a small 
region immediately behind the shock front , but allowed low 
to continue radiating throughout an energy particles 
ext ended vo 1 ume . Since the emission region became more 
restricted with increasing frequency, the integrated flux 
density exhibited a pronounced spectral index break. 
The exact size of the theoretical spectral index 
break was found to depend upon several parameters. For 
example, there was a general increase in the size of the 
break as the pre- shock toroida l field component became 
stronger relati ve to the poloida l field . This occurred 
becau se the intense toroidal field compression ( especially 
' 
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near the axis ) increased the low frequency emissivity, 
while it 
emissivity 
simultaneously decrea sed the high frequency 
through enhanced synchro tron cooling . In 
addition , the spectral break was always more drama t i c in 
the non-relativistic plasma than in a relativistic pla sma , 
primarily because of the shock strength dependence 
inherent in the Blandford/Ostriker acceleration me chanism . 
On the basis of these results, it was conclude d 
that an acceptable fit to the spectrum of the M-87 jet was 
obtained for a relativistic plasma with a Mach number M > 3. 
A non-relativistic plasma invariably produced a spectral 
break which was too large , (even when no toroidal fi e ld 
component was included ) and a low frequency spectral index 
which was too flat for M ;:: 5 and too steep for M $ 5. For 
these reasons , all non-relativistic models may be 
eliminated for the M- 8 7 jet . 
In the relativistic 
spectral index is fixed , and 
models , the 
the size of 
low 
the 
frequency 
spectral 
index break depends upon both toroidal field strength and 
( less strongly ) Mach number. Consequently , it is not 
possible to determine each of these parameters separately , 
but the existence of a non - zero toroidal field component 
implies a Mach number M ~ 3. 
A qualitative comparison between the theoretical 
surface brightness distributions ( for a range of line of 
sight angles ) and the high resolution radio and optical 
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observations of the M- 8 7 jet (Biretta et al. , 1983; Lorr e 
and Nieto , 1983 ) corrobora ted the conclusions of t h e 
spectral analysis concerning the p hysica l p a rame ters of 
this jet . In addition , the acut e angle l b e twe e n the line 
of sight and the jet flow axis was determined to be in the 
range 30° :5 l :5 60° . 
When l was within this 
found 
range, the surf a ce 
brightness distributions were to be rea s onably 
consistent with the qualitative structure of knot A. They 
exhibited a straight ridge of emission at an ang le of 
- 7 0° to the flow axis , ( associ a ted with the immediate 
post- shock 
( only at 
region ) as well as a surface brightne ss peak 
low frequencies ) immediately behind the most 
section of this ridge . In addition , the effect upstream 
of synch r otron cooling was to cause a relatively gradual 
decrease in low frequency surface brightness downstream 
from the emission ridge . 
Both radio and optical polarization observations 
of the M- 8 7 jet (Owen et al ., 1980 ; Visvanathan and 
Pickles , 1981) have revealed the presence of atypical 
regions of perpendicular projected mangetic fie l d at the 
locations of knots A and c . Domina nt transverse field 
components have been shown to exist near the axis in the 
region immediately behind a strong bow shock , and this has 
been fou nd to lead to the oretical polar i zation structures 
similar to those in the M-8 7 jet . 
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The most significant features of the observed 
polarization 
rotations of 
structure in 
position angle 
the M-87 
through 
jet 
90° 
are 
near 
the sudden 
knots A and 
C. A similar effect was produced in the bow shock models 
because of the gradual reacceleration of the post shock 
plasma near the axis , which allowed the axial field 
component to regain dominance over the toroidal component 
well downstream from the shock front . The region of 
perpendicular 
relativistic 
projected field was 
plasma flows, where 
most obvious in 
the toroidal field 
compression was strong , and (above the spectral index 
break ) at line of sight angles 1 $ 45°. The fact that 
the high frequency theoretical polarization distributions 
depended partially upon projection effects allowed the 
line of sight angle to be further restricted to the range 
30° $1 $45° . 
Much of the theoretical modelling described in 
this thesis is of general relevance to the synchrotron 
emission from any region containing shock accelerated 
particles. It is possible to obtain qualitative agreement 
with the spectroscopic , morphological and polarization 
observations of the M-87 jet, however, with the half-
symmetric bow shock model , (section 7.3) in which emission 
originates only from the restricted range of azimuth 
angles O <¢<TT · Using this model, a plausible picture of 
the processes at work in the M-87 jet may be devised . 
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The hypothesis advanced here is that the plasma 
flow is obstructed by a large, dense HII region, located 
slightly north of the jet in the plane of the sky . Such a 
region is known to exist from the work of Ford and 
Butcher , (1979) . The dense cloud causes a strong bow 
shock to be produced within the jet, which possesses axial 
symmetry about a line lying along the jet boundary and 
passing through the obstruction. 
Parts of the HII region may subsequently be 
disrupted and entrained by the jet. Provided only that 
the density of the HII region is large compared with that 
of the jet , the obstruction lasts for a time which is long 
compared with the plasma flow timescale . Further support 
from the direct for this type of model is gained 
observation of thermal material associated with jet knots 
in the galaxies NGC7385 and Cen A. 
It is very likely that knot A represents the 
point at which the M87 jet first encounters the HII 
region . Since it encroaches upon only one edge of the 
jet , emission originates from the restricted range of 
azimuth angles , ( 0 <¢<7T ) and the surface brightness 
morphology of this knot generally lacks bi symmet r y . If 
the point of obstruction lies within the plane of the sky, 
for example , the surface brightness distribution is 
equivalent to o ne symmetric half of the bisymmetric 
distribution obtained from a full axisymmetric model . 
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The increase in surface brightness at knot B may 
result from jet recollimation, caused either by magnetic 
forces or by pressure forces, ( section 2. 5) or possibly 
from reflected shock waves 
acceleration well downstream 
causing 
from 
secondary electron 
the initial shock 
front . In order to investigate these possibilities , it is 
necessary to increase the resolution of the hydrodynamic 
simulations, and to re lax the assumption that the magnetic 
field is weak. 
The fact that polarization observations reveal 
the prsence of a strong perpendicular field component at 
knot C is interpreted, in terms of the bow shock model, to 
indicate a bow shock around an entrained cloudlet. This 
cloudlet is likely to be fully embedded within the jet, 
and so knot C need not possess a morphological structure 
similar to that of knot A. The only optical feature 
further from the nucleus than knot C is the very faint 
knot G. This may be the location of yet another entrained 
cloudlet, which has been significantly accelerated by the 
jet (Blandford and Konig 1, 1979). The relative faintness 
of knot G probably indicates a reduced energy density and 
magnetic field strength in the jet at this point . In 
addition , if the cloudlet has been accelerated to near the 
jet velocity , the shock Mach number lS reduced and 
particlP. acceleration is less effective . 
The knots nearer to the nucleus than knot A may 
be created by quasi - periodic oscillations of the jet 
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outflow velocity , (Rees , 19 78 ) or by disruption and 
subsequent entrainment of material from another HII region 
near knot D . There is some evidence for this latter 
possibility in the 0 . 12" radio observations of Biretta et 
al ., which indicate that knot D may have a structure 
similar to that of knot A, with a steep brightness 
gradient towards the nucleus followed by a more gradual 
decay . At present, however , these knots are too poorly 
resolved to confirm either possibility . 
In summary , all the major observable features of 
the M-8 7 jet may be understood in terms of the half-
symmetric bow shock model. A plasma beam , with pressure 
provided by relativistic particles , is ejected from the 
nucleus at a Mach number M :::: 3 . The beam travels along an 
axis which makes an angle of bet.ween 30° and 45° with 
the line of sight , ( either towards or away from the 
observer ) and encounters a large dense interstellar cloud 
at knot A, and possibly also at knot D. 
Rough estimates for the pre- shock sound velocity 
C and plasma density Po at knot A may be obtained s 
0 
by using the theoretical models to obtain parameter 
relations , and then substituting fiducial values for the 
magnetic field strength (B -0 . 5 0 X 
-9 -2 pressurP. ( p - 1 . 0 x 10 dyn cm ) . They 
0 
8 
- l 3 5 10- 2 7 gm 6 • 2 x 1 O cm s e c and p 
O 
- • x 
are c 
- 3 
cm 
s 
and plasma 
0 
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Undoubtedly , stil 1 higher resolution observations 
of galactic jets , over a broader frequency range, wil 1 be 
avalable in the near future . Further progress towards 
understanding the physical processes involved in the 
interaction between a jet and an interstellar medium may 
be made by conducting high resolution, three dimensional 
f low simulations of a jet impinging upon, and subsequently 
disrupting, a dense interstellar cloud . The technique of 
S.P.H. would be appropriate for this task, 
quantities of computer time would be required . 
but large 
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